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Abstract. Equation y= a(100-x)/(a-x), frequently used for approximation of separation results
plotted in the Fuerstenau upgrading curve, relating recovery of a selected component of the
feed in the concentrate (x = &) with recovery of another component in the tailing (y = &), can
be transformed into one-fitting parameter equation suitable for other upgrading curves. The
mathematical formulas for the so-called Luszczkiewicz, Mayer, Henry, Stepinski, Hall, and
Halbich separation upgrading curves were derived and presented.
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1. Introduction

Material balance, separation graphs and mathematical equations are used for
analysis and evaluation of separation results. In case of the Fuerstenau plot (Fig. 1),
relating recovery of a selected component of the feed in the concentrate & with the
recovery of another component in the tailing &, the number of available equations is
great (Drzymala and Ahmed, 2005). One of them has a form of

100—-¢ )

a-¢
and is based on a single fitting parameter a. Equation (1) is very useful because it not
only approximates numerous literature separation results but also can serve as a single
parameter reflecting separation selectivity (efficiency), while in normal situations two
upgrading parameters are needed. This is possible due to a special property of the
Fuerstenau upgrading curve since its principal lines, that is no upgrading, ideal
upgrading, ideal remixing do not change their location with variation of the of feed
composition.

Mathematical equations used for other separation upgrading curves are usually
more complex and two and more fitting parameters formulas are used. Examples are
presented in Table (1).
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The goal of this work is to transform Eq. (1) into forms applicable for other than
Fuerstenau upgrading separation curves, that is for the Mayer, Halbich, Henry,
Luszczkiewicz, Hall, and Stepinski plots (Drzymala, 2006-8).

Table 1. Mathematical equations used for approximation of different upgrading curves

Upgrading curve Equation Source

and parameters

Halbich e=a-hbp Dell, 1969
&p a and b - fitting parameters (for high recoveries)
Prax 2(100— ) —% Digre, 1960
100- 4 100 — o
z and fna - fitting parameters
Hall H 100 - (100 - &) f Hall, 1971
= A—— (A - fitting parameter)
&H 100+ A—z e
Henry y=c—dp Foszcz et al., 2010
By ¢ and d - fitting parameters
Halbich (II) & = &gy — 2sinh(K[(B/ ) —1]) Vera et al., 1999
& Pa

k and &, - fitting parameters

Maye;l}I/IOEDell) (a,x+b, y+¢)(@x+b,y+¢,) =K Jowett, 1969
ay, &, by, by, €1, €y, and K - fitting parameters
Stepinski L=l+md Pudlo, 1971;
9 . Luszczkiewicz,
2 | and m - fitting parameters 1975; Neethling
and Cilliers, 2008;
Mayer II e=g+hy Nixon and Moir,
&y 1956-7

g and h - fitting parameters

¥ — concentrate yield, , « — content of a considered component in feed,  — content of a considered
component in concentrate, £— recovery of a considered component in concentrate

2. Transformation

Separation results fitted with Eq. (1) in the Fuerstenau separation upgrading plot
(Fig.1) form a symmetrical, in respect to the diagonal, curve. A closer literature survey
indicates that Eq. 1 has many mathematical forms which depend on the definition of
the fitting parameter (Table 2).

In this work we will use only Eq. (1) with a as the fitting parameter.
Transformation of Eq.(1) to forms useful for other separation upgrading curves was
performed manually by replacing ¢ and & with appropriate formulas based on the
original upgrading parameters, that is contents of a considered component in the feed
(o), concentrate (f) and in the tailing (3) (Table 3), and next rearranging the obtained
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equation until a relation between the two characteristic, for a given separation curve,
parameters were obtained.

baren components recovery in tailing, &r, %
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Fig. 1. The Fuerstenau separation upgrading curve showing fixed background lines and real separation
data adopted from Luszczkiewicz and Chmielewski (2008)

Table 2. Mathematical forms of Eq. (1) depending on definitions of fitting parameter

Formula Fitting Limits Relation to a Source
parameter
a 100 - ¢, a a =0 (no) a=a Drzymala and
& =a—
a-g, a =100 (ideal) Ahmed, 2005

c _AIOO—S A A = 0 (no) a=-A Hall, 1971

' A+e A =-100 (ideal)
7 (100 -&,)(100-¢) Z Z=1 (no) 3 1 Laplante, 1989

&€y Z =0 (ideal) -0.01Z +0.01

e —F2 100-¢, F F =50 (no) F2 this work

- 2 a=—

F = 100 (ideal) 2F —100

F
2F ~100)(z =~
( "GF Z100 7

y =1000(a + bd ! (x))

@ — distribution function

ab a=0 (no)
a = oo (ideal)
b=1 (for
symmetrical

curve)

Krzanowski and
Hand, 2009;
Wlodarski,
2009
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Fig. 2. Fuerstenau’s curve
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Fig. 4. Stepinski’s (V) curve
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Fig. 6. Hall’s curve
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Fig. 3. Stepinski’s (I) curve
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Fig. 5. Luszczkiewicz’s curve
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Fig. 7. Mayer’s curve
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Table 3. Upgrading curves, their characteristic parameters based on «, S, 9, and equations for
approximating separation results based on fitting parameter a

Upgrading plot | Upgrading Formulas based on a, S, $ Form of Eq. 1 suitable for considered
parameters upgrading plot
Fuerstenau & & — 100 —
e=22958 09 & =a—"t
(1988/1992) B-Ya a-¢
g = (100- 22100104
B-9 100-a
Luszczkiewicz &L - _
_ 28849 L= gl00-¢
(2002) L-9a a-¢
L= ﬂlOO(ﬁ _ M)
p-9 a (100-a)
Mayer &y oo a7‘9£100 _5(100—05)(100—5)
(1950) B-%a 100(a—¢)
a-9
= 100
e B9
Henry By B y- 100(5(100 —a) —a(S - a))
(1905) a-9 B100- )
y= 100
p-9
Stepinski V Ya, S Y, S =100 p(100-a)
(1964, 1965); s _ 100 8000-2) a(f-a)
Drzymala, (2005, e B-a) 10 (H(100 - @) +1002)(100 - 2)
2006) a(H (100 — ) + 100 —100a)
Hall (1971 H, _
(1971) J; Yij H ﬂloo € _
100- B a-¢
H=To0=2." 100a(& —100)
(100? — (100 — £) —100a)
Halbich (1934) B e B 4= 100a(s — a)
_ " 100% — (100 — £) — 100
g=2288 0
-9«
Stepinski I B9 Yij ga
P =3 00+a
g 100 —yp *
100 -y

a — content of a considered component in feed, f— content of a considered component in concentrate, ¢ — content of
considered component in tailing, y — yield, & — recovery of the considered component in concentrate, & — recovery of
remaining (100% - considered component) in tailing, H — Hall parameter, L — Hancock (¢ - &) parameter where &
denotes recovery of a second (here other than first component) in concentrate
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Fig. 8. Halbich’s curve Fig. 9. Henry’s curve

Arbitrary separation data with a = 102 and a =1.25% were fitted with Eq. 1
and plotted in Fig. 2 as the Fuerstenau upgrading curve. Presented in Fig. 2 data can
be now re-plotted in other separation upgrading plots (Figs 3-9) and approximated
with the newly derived (Table 3) equations.

3. Conclusions

The symmetrical in relation to diagonal, one-fitting parameter y = a(100 -
x)/(a-x) equation used for approximation of separation results in the Fuerstenau
upgrading plot can be transformed into one-fitting parameter equations consisting of a
for any other separation upgrading plot. Some of them have been presented in this

paper.
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