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Abstract: Comminution processes in the mineral industry are notoriously energy-intensive, with 
tumbling mills relying heavily on internal lifters to dictate charge motion, optimize particle breakage, 
and facilitate energy transfer. As these lifters inevitably degrade during operation, mill performance, 
throughput, and energy efficiency decline significantly. Therefore, the precise characterization and 
prediction of mill lifter wear is critical for optimizing grinding efficiency and improving predictive 
maintenance strategies in mineral processing. In this numerical study, the Discrete Element Method 
(DEM) framework was employed to simulate the wear mechanisms governing lifter degradation in a 
tumbling mill. Using impact and shear energy spectra derived from DEM simulations, an energy-
equivalent Archard formulation was applied to the cumulative normal and tangential contact-energy 
fields from one DEM operating condition. The simulated mill, 4000 mm in diameter and 6000 mm in 
length, operated at 71.4% of critical speed with 24 lifters and a nominal charge filling of 30%. The lifters 
have geometry as 150 mm height and 60° face angle. To further investigate the spatial wear on the 
various faces of the lifter, the energy distributions from 24 lifters were mapped into five physically 
meaningful regions: Leading Face Plate, Leading Face, Top, Trailing Face and Trailing Face Plate. 
Median impact and shear energies were extracted and reconstructed using cubic polynomials, 
producing within-case coefficients of determination of 𝑅2 = 0.99 and 𝑅2 = 0.94 respectively. The ordinary 
least squares method was used to fit cubic polynomials. Future work will focus on investigating the 
relationship between the obtained polynomial fits and mill operating conditions as well as liner 
geometry, aiming to enhance the predictive capability of the model under varying scenarios. The 
formulation should therefore be regarded as a case-specific reduced-order representation; independent 
operating-condition and fixed-geometry validation remain necessary. 
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1. Introduction 

Comminution is one of the most energy-intensive operations in the mining and mineral-processing 
industries, with tumbling mills accounting for a substantial proportion of the electrical energy 
consumed during mineral production (Fuerstenau and Abouzeid, 2002; Tromans, 2008; Jeswiet and 
Szekeres, 2016). Despite this high energy demand, only a small fraction of the mechanical energy 
supplied to a mill contributes directly to useful particle breakage, while the remaining energy is 
dissipated through particle motion, friction, deformation, and heat generation (Cleary, 2001). Improving 
the transfer and utilisation of energy within grinding mills is therefore important for reducing operating 
costs and the environmental footprint associated with mineral processing (Holmberg et al., 2017). 

Mill liners and lifters strongly influence this energy-transfer process by controlling the motion, 
elevation and release of the grinding charge. Variations in lifter height, face angle, spacing and profile 
modify the shoulder and toe positions of the charge, the trajectories of grinding media, and the balance 
between cascading and cataracting motion (Powell, 1991; Hlungwani et al., 2003; Powell et al., 2006; 
Bian et al., 2017). These changes affect both comminution performance and the spatial distribution of 
loading on the liner surface. Lifter degradation is generally associated with a combination of high-
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energy normal interactions and sustained tangential or abrasive contacts (Akhondizadeh et al., 2016; 
Soleymani et al., 2022). As the lifter profile changes during operation, charge motion, power draw, 
throughput, and product-size distribution may also change, making the characterisation of lifter wear 
important for mill design and maintenance planning (Yahyaei et al., 2009; Powell et al., 2011; Cleary and 
Owen, 2018). 

Industrial liner wear has traditionally been evaluated using plant inspections, manual profile 
measurements, and three-dimensional laser scanning during scheduled shutdowns. These methods 
provide valuable information about the magnitude and spatial non-uniformity of wear after a period of 
operation (Banisi and Hadizadeh, 2007; Yahyaei et al., 2009). However, they are primarily retrospective 
and depend on access to an operating mill. Their ability to assess an untested lifter geometry or 
operating condition is therefore limited unless additional plant trials or detailed empirical calibration 
are undertaken. 

The Discrete Element Method (DEM) provides an alternative means of investigating particle-scale 
behaviour inside tumbling mills by resolving particle trajectories, collisions and contact forces. DEM 
has been applied to predict charge motion, power draw, liner loading, and collision-energy 
distributions under different mill conditions (Mishra and Rajamani, 1992, 1994; Cleary, 2001; Bian et al., 
2017). The method has also been combined with phenomenological wear formulations, including 
adaptations of Archard’s wear law, to estimate spatial material loss from DEM-derived contact 
quantities (Kalala et al., 2005; Franke et al., 2015; Boemer and Ponthot, 2017; Xu et al., 2018). 
Nevertheless, high-resolution DEM wear calculations remain computationally demanding and generate 
large, irregular, and strongly skewed datasets. The resulting energy fields may contain many low-
intensity interactions together with a relatively small number of highly energetic local contacts, making 
direct interpretation and comparison difficult. 

Most DEM-based liner-wear studies consequently rely on cumulative wear indicators, averaged 
collision quantities, or contour maps of selected liner regions. Although these representations are useful, 
they do not always provide a compact analytical description of how normal and tangential contact 
energies vary continuously across the different faces of an individual lifter (Pural et al., 2024; Jauhar et 
al., 2026a). A reduced-order representation of these spatial distributions could assist interpretation of 
the DEM output, simplify comparison between energy mechanisms, and provide an intermediate 
description between mesh-level simulation data and future surrogate modelling. However, such a 
representation must preserve the principal asymmetry of the energy profile without implying 
predictive capability beyond the conditions from which it was obtained. 

The present study therefore develops a region-based procedure for representing DEM-derived 
impact-associated normal energy and shear-associated tangential energy across the surface of a wedge-
bar mill lifter. The lifter profile is divided into five physically defined regions: the leading face plate, 
leading face, top, trailing face, and trailing face plate. Representative regional energy values are 
calculated from the DEM surface data and expressed along a normalised lifter-profile coordinate. Low-
order polynomial functions are then assessed as compact mathematical descriptions of the resulting 
regional energy profiles. The fitting procedure is intended to condense the spatial DEM output while 
retaining the principal differences between normal- and shear-energy distributions. 
The specific objectives of this study are to: 

1. Quantify the spatial distributions of normal and shear contact energy obtained from the DEM 
simulation;  

2. Aggregate these distributions across five defined regions of the lifter surface;  
3. Construct and evaluate a compact polynomial representation of the regional energy profiles; and  
4. Examine the applicability and limitations of the proposed representation as a reduced-order 

description of DEM-derived liner-loading data.  
The analysis is based on one DEM operating condition. Accordingly, the fitted polynomial 

coefficients are treated as case-specific mathematical descriptors of the investigated energy profiles 
rather than as universal physical constants. The present study does not establish causal relationships 
between individual polynomial coefficients and mill speed, filling level, load intensity or lifter 
geometry. Determining such relationships would require a systematically varied, multi-condition 
dataset and independent validation. The contribution of the present work is therefore limited to 
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demonstrating and critically evaluating the proposed data-reduction procedure for the simulated 
condition. 

2. Methodology 

2.1. DEM setup 

Particle–lifter interactions were simulated using a Discrete Element Method (DEM) framework (Mishra 
& Rajamani, 1994; Cleary, 2001). The simulated mill had an internal diameter of 4.0 m and an axial 
length of 6.0 m. No conical section was included in the geometry: both the cone angle and cone length 
were set to zero. The mill was therefore represented as a cylindrical chamber bounded by two flat axial 
end walls. No discharge opening, slurry flow, or continuous material feed was activated, and the model 
consequently represented a closed batch system.  

The mill was equipped with 24 identical lifters distributed uniformly around the internal 
circumference, corresponding to an angular spacing of 15∘. Each lifter extended continuously along the 
full 6.0 m axial length of the mill. The lifters had a height of 0.150 m and a circumferential width of 0.150 
m. The left- and right-face-angle inputs in the model were 60∘ and 90∘, respectively. A second or 
alternating lifter geometry was not activated. The mill shell and lifters were assigned a steel density of 
7850 kg/m3.             

A signed rotational speed of −15 rpm was prescribed in the model. The negative sign specifies the selected 
rotational direction according to the software coordinate convention, while the rotational-speed magnitude 
was 15 rpm. This corresponded to 71.4% of the critical speed reported for the investigated case. The 
simulation was run for five complete mill revolutions, equivalent to 20 s of simulated operating time. 

The charge filling input was set to 30 vol%, defined as the nominal volume occupied by the generated 
particulate charge relative to the internal volume of the mill. This was the only volumetric filling input 
identified in the project setup. Therefore, the previously reported separate values of “filling degree 30%” 
and “load level 30%” are not treated as independent operating variables (Powell et al., 2006). 

The physical-wear and physical-lifter-wear options were disabled during the DEM calculation. 
Consequently, the shell and lifter geometry remained fixed throughout the five-revolution simulation. 
The mill-wear, mill-impact, and energy-spectrum analysis options were enabled to accumulate contact-
related quantities on the fixed surface mesh. The calculated wear field therefore represents an energy-
based diagnostic applied to the original geometry rather than an iterative simulation in which the liner 
geometry was progressively deformed or remeshed (Table 1). 

2.1.1. Particulate charge properties 

The simulated charge consisted of a single population of monosized spherical particles. Therefore, no 
particle-size distribution was implemented in the present DEM model. All particles had the same 
nominal diameter; however, the numerical value of this diameter was not retained in the available 
simulation records and could not be recovered during preparation of the revised manuscript. Based on 
the reported particle count, total charge mass, and corrected density, an equivalent particle diameter of 
approximately 48.46 mm was estimated, assuming identical solid spheres. The absence of the nominal 
particle diameter is acknowledged because particle size influences particle population, collision 
frequency, contact duration, energy dissipation, and the appropriate numerical time step. 

The particles were assigned a density of 7850 kg/m3, a shear modulus of 10 MPa, and a Poisson’s 
ratio of 0.30. The charge was represented using spherical particles and occupied 30 vol% of the internal 
mill volume. The available project summary indicated approximately 227,812 particles with a total 
charge mass of approximately 106,535 kg; At 30% charge filling, the particle density of 7850 kg/m³ 
corresponds to an estimated solids packing fraction of approximately 0.60. These values are reported as 
model summary quantities. 

Only one particulate population was identified in the available simulation setup. Consequently, the 
revised manuscript does not distinguish between separate ore and grinding-ball size distributions. The 
terms particulate charge, particles, and media are used consistently to describe the simulated spherical 
charge. This simplification should be considered when interpreting the resulting collision-energy 
distributions, since an industrial tumbling mill commonly contains a wider range of particle and 
grinding-media sizes (Table 2).  
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Table 1. DEM parameters input 

Category Parameter Value or model setting 

Software Model-preparation environment EZMill v1.0 
Mill configuration Mill type Batch ball-mill configuration 

Mill geometry Internal diameter 4.000 m  
Axial length 6.000 m  
Cone angle 0∘  

Cone-section length 0.000 m  
Axial end geometry Two flat end walls  
Discharge opening Not activated  

Slurry phase Not activated 
Operation Signed rotational speed −15 rpm  

Rotational-speed magnitude 15 rpm  
Critical-speed ratio 71.4%  
Simulation duration 5 revolutions  

Equivalent simulated time 20 s  
Charge filling 30 vol% of internal mill volume 

Lifter configuration Number of lifters 24  
Circumferential spacing 15∘  

Axial extent Full 6.0 m mill length  
Lifter height 0.150 m  
Lifter width 0.150 m  

Left-face angle 60∘  
Right-face angle 90∘  

Alternating/second lifter Not activated 
Boundary material Shell and lifter density 7850 kg m−3 

Wear treatment Physical geometry deformation Disabled  
Physical lifter-wear option Disabled  
Energy-spectrum analysis Enabled  

Mill-impact analysis Enabled  
Mill-wear calculation Enabled  

Energy-spectrum bin width 0.01 J 

Table 2. Properties of the particulate charge used in the DEM model 

Parameter Value or model description 

Number of particulate populations One 
Particle representation Spherical 
Particle-size condition Monosized/monodisperse 

Particle-size distribution Not applicable 
Nominal particle diameter Not available in the retained simulation records 

Particle density 7850 kg/m3 
Shear modulus 10 MPa 
Poisson’s ratio 0.30 
Charge filling 30 vol% of internal mill volume 

Approximate particle count 227,812 
Approximate total charge mass 106,535 kg 

Particle breakage Not represented in the reported energy-profile analysis 
Slurry or fluid phase Not included 

Separate ore and ball populations Not activated in the available setup 
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2.1.2. Contact model and interaction parameters 

Interactions between the particulate media and between the media and steel mill boundaries were 
represented using the Hertz–Mindlin contact model. In this formulation, the normal contact response is 
based on nonlinear Hertzian elasticity combined with velocity-dependent damping, while the 
tangential response is represented using a Mindlin-type incremental tangential-force formulation 
limited by the Coulomb friction criterion. 

The coefficient of restitution controls the damping of the normal relative motion during collision. A 
particle–particle restitution coefficient of 0.30 and a particle–steel restitution coefficient of 0.50 were 
used. These coefficients influence collision damping and resulting energy dissipation; their sensitivity 
was not independently evaluated in this study (Wang et al., 2025). Static-friction coefficients of 0.50 were 
assigned to both particle–particle and particle–steel interactions. Rolling resistance was included using 
the software’s built-in rolling-friction treatment, with coefficients of 0.10 for both interaction types 
(Table 3). The adopted particle shear modulus of 10 MPa represents a reduced-stiffness approximation 
that may affect contact overlap and energy dissipation; its sensitivity remains to be assessed (Lommen 
et al., 2014; Ghasemi et al., 2020). Recent research by Hu et al. (2027) demonstrated the integration of 
industrial liner-wear measurements with DEM-derived wear-intensity distributions, providing a 
valuable experimental reference for evaluating numerical wear-modelling approaches. 

No cohesive-force model was activated, and the particulate charge was therefore treated as non-
cohesive. As the model consisted of a single particulate population, contact parameters were defined 
for particle–particle and particle–steel interactions. Separate ore–ball interactions were not considered. 

Table 3. DEM contact-model and interaction parameters 

Parameter category Interaction/property Value 
Contact model Normal and tangential model Hertz–Mindlin 

Normal interaction Elastic response Nonlinear Hertzian contact  
Collision damping Restitution-based damping 

Tangential interaction Tangential response Incremental Mindlin-type frictional response  
Sliding limit Coulomb friction criterion 

Coefficient of restitution Particle–particle 0.30  
Particle–steel 0.50 

Static-friction coefficient Particle–particle 0.50  
Particle–steel 0.50 

Rolling-friction coefficient Particle–particle 0.10  
Particle–steel 0.10 

Cohesion Cohesive-force model Not activated 
Particle material Density 7850 kg/m3  

Shear modulus 10 MPa  
Poisson’s ratio 0.30 

Steel boundary Density 7850 kg/m3  
Elastic modulus/shear modulus -  

Poisson’s ratio - 
Numerical setting Integration timestep 2.0 x 10-5 s 

Spatial setting Grid-discretisation size 40 mm 

2.1.3. Simulation timestep and data-acquisition procedure 

The mill was operated at a rotational-speed magnitude of 15 rpm for five complete revolutions. The 
corresponding total simulated time was calculated as; 

𝑁rev =
!sim"rpm

#$
                                                                        (1) 

where 𝑁rev is the number of mill revolutions, 𝑡sim is the simulated time in seconds, and 𝑛rpm is the 
rotational speed in revolutions per minute. For 𝑁rev= 5 and 𝑛rpm=15 rpm, the total simulated time was: 
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𝑡sim =
#$%rev
"rpm

= #$	'	(
)(

= 20𝑠                                                              (2) 

The DEM calculation was performed using a fixed integration timestep of: 
Δ𝑡 = 2.0 × 10*(	s                                                                    (3) 

This resulted in approximately 1.0×106 numerical integration steps over the complete 20 s simulation. 
The simulation does not contain a separately defined initial transient period or an independently 
selected steady-state data-acquisition interval. Consequently, the cumulative normal and tangential 
contact-energy outputs analysed in this study correspond to the complete five-revolution simulation. A 
formal steady-state convergence assessment based on the stabilisation of mill torque, power draw, 
charge kinetic energy or collision-energy rate was not conducted. The term “steady-state operation” is 
therefore avoided, and the results are described as cumulative energy distributions obtained over the 
investigated five-revolution interval. 

The global cumulative normal and tangential energies were recorded at 4 s intervals, corresponding 
to one complete mill revolution at 15 rpm. For the spatial analysis, cumulative contact-energy values 
were extracted from the mill surface elements at the end of the 20 s simulation. The resulting energy 
distributions therefore represent all five revolutions, with no initial revolutions excluded from the 
analysis. Physical wear and progressive geometry updating were disabled during the DEM calculation. 
Consequently, the shell and lifter mesh remained unchanged throughout the simulation, and no 
geometry-update interval was applied. The calculated wear-depth field was obtained during post-
processing by applying the energy-equivalent Archard formulation to the cumulative contact-energy 
values recorded on the original fixed geometry. 

Using the inferred equivalent particle diameter of 48.46 mm, the estimated Rayleigh time is 2.30 × 
10⁻³ s, corresponding to an integration timestep of approximately 0.87% of the Rayleigh time. Although 
this provides a numerical consistency check, independent timestep convergence was not established. 
Moreover, no independent timestep-sensitivity simulation was performed. Possible sensitivity of 
particle overlap, collision duration, and calculated contact-energy magnitude to the selected timestep is 
therefore acknowledged as a numerical limitation of the present study. 

2.1.4. Archard wear formulation 

The prediction of volumetric material loss on the lifter surfaces relies on a phenomenological approach 
derived from Archard’s classic wear equation (Archard, 1953). Originally formulated to describe sliding 
wear, the classical Archard law postulates that the volume of removed material is directly proportional 
to the normal contact force and the sliding distance, and inversely proportional to the hardness of the 
wearing material (Archard & Hirst, 1956). 

However, in the context of Discrete Element Method (DEM) simulations of tumbling mills, the 
interactions between the charge (ore and grinding media) and the lifters are highly dynamic, involving 
both severe normal impacts (cataracting) and continuous tangential abrasion (cascading). 
Consequently, the classical force-distance formulation is typically adapted into an energy-dissipation 
framework to better capture the transient nature of these particle-wall collisions (Kalala et al., 2005; Xu 
et al., 2018). 

Archard's wear law describes wear volume as a function of force, sliding distance, material hardness, 
and a dimensionless wear coefficient: 

𝑉 = +⋅-⋅.
/

                                                                            (4) 

where V is wear volume in mm3, K is simensionless wear coefficient, F is contact force in Newtons (N), 
s is sliding distance in meters (m), H is Brinell hardness of material (H=875). 

Given that DEM provides energy instead of force and distance explicitly, the equation is adapted 
by expressing: 

𝐹 = 0
.
                                                                                (5) 

Substituting into the original equation: 

𝑉 = +⋅0
/

                                                                               (6) 
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For both normal and shear contributions, the equation becomes: 

𝑉total =
+"⋅0"1+#⋅0#

/
                                                                      (7) 

where Kn is normal wear coefficient, Ks is shear wear coefficient, En is energy from normal forces (Joules), 
Es is energy from shear forces (Joules). 

2.1.5. Wear coefficients 

The normal and tangential wear coefficients, Kₙ and Kₛ, respectively, were introduced within the energy-
equivalent Archard formulation to relate DEM-derived normal and tangential contact energies to the 
estimated volumetric loss of liner material. The coefficients were selected as effective, case-specific 
weighting parameters, with their selection informed by an indicative industrial wear reference and the 
relative contributions of normal and tangential contact energies obtained from the DEM simulation. The 
basis of the reference wear estimate and the adopted coefficient values are detailed below. An indicative 
annual lifter-wear reference was estimated using industrial operating information and a nominal 
specific-wear factor of 14.6203 mg/kWh. The reference operating conditions comprised a mill power of 
1600 kW and an annual operating duration of 6180.48 h. Under the assumption that the specific-wear 
factor is expressed in mg/kWh, the corresponding annual mass loss is calculated as: 14.6203 × 1600 × 
6180.48 × 10⁻⁶ = 144.58 kg/year 

The specific-wear factor represents an industry-informed engineering assumption rather than a 
direct measurement of material loss from the simulated mill. The original supporting plant records were 
not retained for independent verification. Therefore, the resulting annual mass loss was adopted as a 
nominal reference for assessing the scaling of the energy-equivalent wear formulation and should not 
be interpreted as independent experimental validation of the DEM predictions. 

For the investigated mill configuration, comprising 24 lifters operating at 15 rpm for 6180.48 h/year, 
the reference corresponds to an average mass loss of approximately 1.083 × 10⁻³ g per lifter per 
revolution. Alternative combinations of normal and tangential energy-weighting coefficients were 
examined to evaluate the relative contributions of the two contact-energy components. The coefficient 
pair adopted for the investigated operating condition is given below: 

𝐾" = 7.0 × 10*(, 	 𝐾. = 9.0 × 10*(                                                     (8) 
The adopted coefficients, Kₙ = 7.0 × 10⁻⁵ and Kₛ = 9.0 × 10⁻⁵, represent one case-specific combination 

of phenomenological energy-weighting parameters considered within the proposed formulation. Their 
selection was informed by the nominal industrial wear reference and the relative contributions of 
normal and tangential contact energies obtained from the DEM simulation. Since a single aggregate 
wear reference provides only one independent constraint on the combined energy-weighted response, 
it cannot uniquely determine both coefficients. Accordingly, the selected pair is not regarded as a 
mathematically unique or globally optimal solution, but rather as a representative parameter 
combination adopted consistently for the investigated operating condition. 

2.1.6. Archard formulation and analytical constraints 

To translate these particle-scale collision events into a mathematically tractable predictive framework, 
this study adopted an energy-based adaptation of Archard’s wear law. Classical Archard wear is 
fundamentally governed by sliding abrasion and is expressed as a function of normal force and sliding 
distance (F.s). Because DEM outputs energy dissipation directly, the mechanical work term was 
approximated as E ≈ F.s, leading to the modified formulation: Eq. 7. 

It must be explicitly acknowledged that applying Archard’s framework to normal impact energy 
(En) is a mathematical simplification. True normal impacts lack a sliding distance and induce wear via 
surface fatigue and plastic deformation rather than abrasive micro-cutting. Therefore, this model 
functions strictly as an energy-equivalent phenomenological analog.  
The normal and tangential wear coefficients were adopted as case-specific weighting parameters, with 
their overall scaling informed by the nominal annual wear reference described in Section 2.1.5. Because 
this reference represents an aggregate estimate rather than independent measurements of impact- and 
abrasion-induced material loss, the coefficient pair cannot be uniquely identified. The resulting wear 
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estimates are therefore interpreted within the assumptions of the energy-equivalent formulation rather 
than as independently validated predictions of absolute material loss. 

2.1.7. Model assumptions 

The grinding mill is represented as a hollow cylinder of 4 meters in diameter and 6 meters in length. 24 
uniformly spaced lifters, arranged circumferentially, each extending along the full height. Each triangle 
(mesh face) from the DEM simulation is associated with a centroid coordinate (𝑥2 , 𝑦2 , 𝑧2). These centroids 
are used to assign each triangle to a specific lifter region and axial height.   

Energy data obtained from the DEM simulations represent cumulative per-triangle contact energy. 
Assuming that energy values reliably represent work done through friction and impact, they are treated 
as proxies for Eq. 5. This allows Archard's law to be applied directly and removes the dependency on 
explicitly resolving contact durations or trajectories, which are often noisy or variable in DEM 
simulations. Thus, in Eq. 7, per triangle: K3 and  K4 are the wear coefficients for normal and shear energy 
components, respectively; E3,6 and  E4,6 are the energies (Normal & Shear) transferred to the surface and  
H is the Brinell hardness of the material. 

2.2. Post processing  

Post-processing was carried out using Python-based numerical tools following a structured workflow: 
1. Near-shell filtering: Only particles located within the outer 10% of the mill radius were retained to 

isolate lifter–charge interactions. 
2. Lifter identification: Particle contacts were assigned to individual lifters based on angular position. 

To translate the discrete, highly stochastic energy spectra obtained from the DEM mesh into a one-
dimensional regional representation, the 3D cylindrical coordinate data (r, θ, z) of the mill internal 
surface must be systematically unwrapped and projected onto a localized 2D morphological profile. 

3. Non-uniform regional segmentation: Rather than treating the lifter and shell as a single continuous 
curve, the geometry of each of the 24 lifter sections (spanning 15° of the mill circumference) was 
subdivided circumferentially into five physically defined regions (Powell, 1991; Hlungwani et al., 
2003; Bian et al., 2017; Pural and Boylu, 2025) (Fig. 1): 
• Leading Face Plate (Bridge_L): The section of the mill shell immediately preceding the lifter. This 

zone primarily experiences sliding friction from the toe of the charge and secondary impacts. 
• Leading Face (Side_L): The aggressive 60° impact zone facing the direction of rotation. This 

region intercepts the high-energy, cataracting trajectories of heavy grinding media, making it 
heavily dominated by orthogonal normal forces (En). 

• Top: The apex of the lifter, which serves as a highly abrasive transition zone where particles crest 
the lifter under severe compressive loading before cascading. 

• Trailing Face (Side_R): The sheltered, low-pressure descent angle of the lifter. Wear in this region 
is almost exclusively driven by low-velocity, continuous tangential shear (Es) as material cascades 
downward. 

• Trailing Face Plate (Bridge_R): The section of the mill shell situated in the wake of the lifter, 
subject to continuous rolling and sliding abrasion from the bulk charge bed. 

 
Fig. 1. Cross-sectional subdivisions of the wedge bar lifter surface. Mathematically partitioned into five physically 

and kinematically distinct boundary regions. This segmentation is critical, as the collision physics – and 
consequently the ratio of normal to shear energy dissipation – vary drastically across geometric inflection points 
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Bridge regions were intentionally defined as narrow angular sectors (~1°) to isolate transition zones 
at lifter entry and exit, while side and top regions occupied broader spans corresponding to sustained 
contact and energy transfer. 
4. Energy aggregation: Impact and shear energies were accumulated within each region and averaged 

over time. 
5. Statistical condensation: Median energies across all lifters were extracted for each region, yielding 

robust representative values that are less sensitive to transient extreme events.  
This process resulted in five discrete data points describing the spatial distribution of energy along a 
representative lifter. 

2.2.1. Lifter identification 

To assign triangles to lifters, we calculate the angular position θ of each triangle using its (𝑥2) and (𝑦2) 
coordinates: 

θ2 = arctan 2 (𝑦2 , 𝑥2)                                                                    (9) 
Since the domain is circular, 𝜃2 ∈ (−𝜋, 𝜋]. We shift the domain to [0, 2p): 

θᵢ1 = (θᵢ + 2π, if	θᵢ < 0				; 					θᵢ, otherwise)                                              (10) 

The 24 lifters are spaced at 15° intervals, i.e., 78
79
= 8

)7
 

Each triangle is mapped to lifter 𝐿: such that: 

𝑘 = U)7
8
⋅ θ21W , 	 for 𝑘 = 0,1,… ,23                                                       (11) 

Thus, every triangle is grouped by angular segment into one of 24 lifter zones. 
Each triangle's (𝑧2)	coordinate is used to determine its height segment along the lifter. Given the total 

height is 6 meters, the Z-axis is divided into bins (e.g., 0.150 m intervals for 40 layers). This enables 
vertical wear profiling: 

ℎbin = U;$1<
=;
W , 	 where Δ𝑧 = 0.15	𝑚                                                   (12) 

Here, the origin is centered at z=0, so we shift it to a positive range. 

2.2.2. Pseudo data processing 

A spatial classification algorithm was implemented in Python (NumPy, pandas) to assign each triangle 
to a lifter ID and vertical segment. The centroid angle 𝜃2 = arctan 2 (𝑦2 , 𝑥2) was used to divide the 360° 
circumference into 24 lifter sectors. Vertically, the Z-axis (–3 to +3 m) was binned in 0.150 m intervals, 
yielding 40 segments. This 2D classification by angle and height enabled the mapping of all mesh 
elements to lifter positions in 3D space, forming the basis for lifter-specific wear, energy, and force 
analyses. 

This spatial classification framework: 
• Ensures geometric consistency with actual lifter layout 
• Complies with cylindrical symmetry 
• Provides traceability from raw triangle mesh to component-level diagnostics 
• Enables consistent filtering (e.g., all triangles on Lifter 17, lower third) 
By using the angular segmentation method instead of simple X-Y slicing, we avoid distortion and 

ensure physical realism in modeling. 

2.2.3. Axial discretisation and end-wall treatment 

The axial-bin index of surface element i was calculated as: 

ℎ2 = min ^39, U;$1<.$
=;

W_ , 	 ℎ2 ∈ {0,1, … ,39}                                              (13) 

The first axial bin covered the interval from −3.00 to −2.85 m, while the final bin covered the interval 
from 2.85 to 3.00 m. These two outermost bins were adjacent to the flat axial end walls. The surface 
elements located within these bins were retained in the analysis so that the complete axial loading 
distribution was represented.        
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The five-region polynomial representation was applied to the circumferential liner and lifter surfaces 
rather than to the axial end-wall surfaces. Nevertheless, interactions with the flat mill ends influenced 
the energy recorded on nearby liner and lifter elements. The elevated energies observed near z=±3.0 m 
were therefore interpreted as end-wall-related boundary effects rather than as uniform behaviour along 
the complete lifter length.    

The primary regional energy calculations included all 40 axial bins. A separate central-domain 
polynomial was not constructed. Consequently, the reported regional energies incorporate both the 
central mill response and the influence of the end-wall-adjacent zones. Axial variations and end-wall 
effects are examined separately in the Results and Discussion section. 

2.3. Available fitting techniques 

Several regression approaches were evaluated for approximating the discrete regional energy data:  
• Ordinary Least Squares (OLS): Closed-form, interpretable, and stable for low-order polynomials 

(Draper and Smith, 1998).  
• Weighted Least Squares (WLS): Incorporates region-dependent confidence weights (Draper and 

Smith, 1998).   
• Robust regression: Reduces sensitivity to extreme collision events (Huber, 1981; Rousseeuw and 

Leroy, 1987).  
• Regularized regression (Ridge/Lasso): Controls coefficient variance in multi-parameter datasets 

(Hoerl and Kennard, 1970; Tibshirani, 1996).  
• Nonlinear least squares: Enables constrained or physics-informed models.  
• Gaussian Process Regression: Offers uncertainty quantification but requires larger datasets 

(Rasmussen and Williams, 2006).  
Given the limited number of representative points and the need for interpretability, OLS was 

selected as the most appropriate method. 

2.4. Choice of fitting method 

A cubic polynomial was selected as the lowest-order function capable of reproducing the asymmetric 
spatial behavior observed in both impact and shear energy profiles. Lower-order polynomials were 
insufficient to capture the observed curvature, while higher-order fits risk overfitting given the limited 
dataset. Ordinary least squares regression was therefore adopted due to its transparency, analytical 
tractability, and reproducibility, following the standard matrix formulation described by Draper and 
Smith (1998).  

The general polynomial form is given by: 
𝐸(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑                                                         (14) 

where x denotes the normalised ordinal coordinate of the five lifter regions (0, 0.25, 0.50, 0.75 and 
1.00), rather than their actual physical lengths. 

2.5. Application of the fitting procedure 

For each energy mode (impact and shear), the regression problem was formulated as a linear system 
(Chapra & Canale, 2010): 

𝑦 = 𝑋𝑐 + ϵ                                                                       (15) 
where c = [ab cd]T is the coefficient vector. The least-squares solution minimizing the sum of squared 
residuals is obtained as (Draper & Smith, 1998): 

𝑐 = (𝑋𝑇𝑋)−1𝑋𝑇𝑦                                                                  (16) 
The resulting coefficients describe the spatial energy distribution along the lifter surface. 

2.6. Fitting accuracy and error assessment 

Model performance was evaluated using the coefficient of determination (R2) and residual analysis. 
The impact energy fit achieved R2=0.99, while the shear energy fit yielded R2=0.94. Since four 
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polynomial coefficients were fitted to five regional observations, only one residual degree of freedom 
remained. The corresponding adjusted R² values were approximately 0.96 and 0.76, respectively, 
indicating good within-case agreement but not independently established predictive robustness. 

2.7. Generalization strategy 

The fitted coefficients represent baseline values corresponding to the simulated operating condition. 
For future generalisation, each coefficient could be expressed as an affine function of normalised 
physical variables, relying on a first-order Taylor series expansion approach for sensitivity analysis 
(Chapra & Canale, 2010). The proposed sensitivity matrices remain conceptual and require additional 
DEM conditions for coefficient estimation and validation. This leads to the matrix formulation proposed 
in this study: 
• Critical speed ratio (n) 
• Geometry index combining lifter height and face angle (g) 
• Filling degree (J) 
• Load intensity (L) 

This leads to the matrix formulation: 
c = Mu,     u = [1, n − n0, g − g0, J − J0, L − L0]T                                      (17) 

Separate sensitivity matrices are defined for impact and shear. While the present study identifies 
baseline coefficients from a single DEM scenario, extension to multi-condition datasets enables 
estimation of sensitivity matrices via least-squares regression. 
The resulting generalized polynomial, representing the summation of baseline trends and linear 
perturbations, is defined as: 

𝐸(𝑥) = ∑ i𝐴: +∑ 𝐴:,2Δ𝑝22 l𝑥<*:<
:?$                                                    (18) 

3. Results and discussion 

3.1. DEM results 

3.1.1. Mesh sizing 

The geometric representation of the tumbling mill (4000 mm in diameter and 6000 mm in length) was 
imported into the DEM environment as a Standard Tessellation Language (STL) file. To facilitate the 
highly localized tracking of particle-wall interactions, the internal mill shell and the 24 lifters were 
discretely represented as a high-resolution triangulated surface mesh. The DEM exports comprised 
20,901 surface-point-force records and 15,872 spatial-energy records indexed by triangle identifiers. 
Based on the macroscopic mill geometry, this corresponds to an average surface area of approximately 
6,000 mm² per element (equivalent to an average edge length of ~115 mm), ensuring that micro-level 
wear patterns on specific lifter faces could be mapped accurately into the 150 mm axial bins without 
spatial aliasing. 

3.1.2. Distribution of surface energy 

The DEM simulations yielded a highly resolved spatial dataset by discretizing the internal mill liner 
into a triangulated surface mesh, where each element recorded cumulative normal (En) and shear (Es) 
energy dissipation during the operation. Statistical analysis of these energy fields revealed a 
pronounced right-skewed, heavy-tailed distribution. The vast majority of surface triangles experienced 
low-intensity, frequent interactions, registering total cumulative energies below 200 J. However, a 
highly localized subset of mesh elements sustained severe impact energies approaching 1500 J. 
Threshold filtering quantified this attenuation of impact frequency: 10,556 surface triangles fell within 
the 100 J energy threshold (averaging 172.18 J in normal energy and 94.30 J in shear), rapidly decaying 
to only 243 triangles registering at the 800 J threshold (averaging 385.40 J normal and 666.32 J shear) 
(Table 4). Isolated by energy component confirmed that normal impact energies exhibited a significantly 
broader statistical dispersion, while shear energies remained heavily concentrated in lower magnitude 
regimes. This highlights that shear acts primarily as a sustained, low-intensity abrasive mechanism, 
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whereas the high-variance tail of normal energy (> 600 J) represents the acute mechanical fatigue 
responsible for localized macro-spalling. Analysis of the archived cumulative energy histories showed 
relatively stable increments during revolutions 2–5, with coefficients of variation of 0.59% for normal 
energy and 0.83% for shear energy. However, the first revolution exhibited substantially higher energy 
increments, and the five-revolution results should not be interpreted as independently verified steady-
state conditions. 

Table 4. Attenuation of high-energy contact events and transition of force dominance across critical energy 
thresholds 

Cumulative Energy 
Threshold, Eth (J) 

Affected 
Mesh 

Elements (N) 

Relative 
Frequency 

(%) 

Mean Normal 
Energy, 𝐸"n (J) 

Mean Shear 
Energy, 𝐸"s (J) 
 

Energy Ratio 
𝐸"n / 𝐸"s 

Dominant 
Modality 

≥ 100 10,556 100.0% 172.18 94.30 1.83 Impact 
≥ 200 5,903 55.9% 226.91 125.37 1.81 Impact 
≥ 400 1,510 14.3% 369.48 242.64 1.52 Impact 
≥ 800 243 2.3% 385.40 666.32 0.58 Shear 
≥ 1600 0 0.0% - - - None 

3.1.3. Energy dominance points 

To rigorously evaluate localized wear mechanisms, a spatial classification algorithm was applied to 
determine force dominance across the mill geometry, evaluating the binary condition Es,i > En,i versus 
En,i > Es,i for each discrete triangle. This mapping exposed distinct, physics-consistent wear regimes 
dictated by charge kinematics. Shear-dominated interactions were systematically localized at the upper 
and lower axial boundaries of the cylindrical domain (Fig. 2), as well as on the trailing faces and extreme 
edges of the lifters. These regions mechanistically correspond to zones where rotational lift and particle 
sliding are maximal. In contrast, normal-force dominance was densely concentrated in the central axial 
zone and on the leading faces of the lifters (Maleki-Moghaddam et al., 2013) (Fig. 3). This spatial trend 
physically aligns with the macro-dynamics of the mill toe zone, where cataracting media undergoes 
direct, high-velocity deceleration against the liner (Fig. 4). Applying a > 600 J critical energy threshold 
identified 528 surface triangles suffering from severe stress concentrations, pinpointing them as high-
risk initiation sites for localized structural degradation. 

 
Fig. 2. Mapping of shear-dominated interactions within the unrolled mill geometry 

 
Fig. 3. Mapping of normal-force dominance across the mill liner 
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Fig. 4. Macro-dynamic charge behavior at the mill toe zone 

3.2. Discussion 

The fitted polynomial functions accurately reproduce the median impact and shear energy 
distributions across the defined lifter regions. High coefficients of determination (R2=0.99 for impact 
and R2=0.94 for shear) indicate that the polynomial form captures the dominant spatial trends present 
in the DEM data. 

Distinct differences between impact and shear coefficients are observed, despite both being 
influenced by the same physical parameters. This divergence is expected, as impact energy is governed 
primarily by normal collision dynamics (Soleymani et al.2022) and charge detachment velocity, 
whereas shear energy arises from sustained sliding contact and frictional dissipation along the lifter 
surface. These differences reflect the distinct normal and tangential contact mechanisms under the 
investigated operating condition; sensitivities to changing operating parameters were not evaluated. 

Although the present coefficients were obtained from a single DEM simulation, the agreement 
between the regional observations and fitted curves supports the descriptive capability of the 
proposed framework for the investigated case (Xu et al. 2018; Wang et al. 2025). Importantly, the 
formulation enables direct comparison between impact-dominated and shear-dominated wear 
mechanisms within a unified analytical structure (Fig. 5). 

 
Fig. 5. Cubic polynomial fits (solid curves) and piecewise-linear reference segments (dashed lines) representing 
the median normal (impact) and tangential (shear) contact-energy distributions across the five predefined lifter 

regions 
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Filled circles and open squares denote the DEM-derived impact and shear median values, 
respectively. The horizontal axis represents normalised regional position rather than physical distance 
along the lifter surface. The corresponding cubic polynomial coefficients are provided in the 
accompanying table. 

When evaluating the DEM-based wear profile, the geometry exhibits severe spatial noise and jagged 
surface artifacts. Rather than treating this as a computational error, this noise must be understood as 
the true, highly discretized representation of tumbling mill kinematics. Because DEM models 
individual, transient particle collisions, the DEM-predicted wear depth inherently captures extreme, 
localized material loss anomalies—highlighting localized peaks in the energy-equivalent wear 
indicators.  

This is quantitatively proven by the localized wear depth contour (Fig. 6), which serves as our 
statistical baseline. The distribution of spatial deformation is heavily right-skewed and fundamentally 
bifurcated. An overwhelming bulk of the mesh (a large proportion of the recorded surface locations) 
registers minimal localized wear depth, representing the continuous, uniform, but shallow abrasive 
sliding that dominates the trailing faces. Conversely, the distribution exhibits a critical "heavy tail" of 
fewer than 500 elements that capture severe, deep localized gouging. Relying purely on an arithmetic 
average of this wear depth would be a critical physical error; the massive volume of shallow trailing-
face contacts would mathematically dilute the aggressive, deep localized trenching on the leading face 
that actually dictates component failure (Kalala et al., 2005; Boemer and Ponthot, 2017; Xu et al., 2018).  

To bridge the gap between these discrete simulation craters and the experimentally observed 
physical reality of a continuously wearing cast-steel lifter (Kalala et al., 2005; Yahyaei et al., 2009; Boemer 
and Ponthot, 2017; Xu et al., 2018), spatial smoothing is required (Fig. 7). After deriving the localized 
volumetric loss via the dual-coefficient Archard approach (𝐾" = 7.0 × 10*(, 𝐾. = 9.0 × 10*(), a 
continuous cubic polynomial regression is applied across the unrolled lifter perimeter to predict the 
final geometric recession. 

 
Fig. 6. Raw DEM unrolled wear profiles 

 
Fig. 7. Smoothed unrolled wear profiles with polynomial fit 

The distinct difference between the raw and smoothed profiles highlights the physical boundary 
between isolated impact events and long-term mechanical degradation. 

The DEM-based profile isolates the exact spatial coordinates of catastrophic media strikes. The 
distinct, jagged spikes in wear depth on the Leading Face and Top Edge directly reflect the heavy-tail 
statistical distribution of extreme deformation.      
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The Polynomial fitting based wear profile, accurately represents macroscopic geometric recession 
over time. The cubic fit filters the localized high-frequency cratering while strictly preserving the 
asymmetric nature of the wear mechanisms. It successfully captures the deep, concaving wear trench 
on the Leading Face (where impact drives severe depth) and the gradual, uniform abrasive thinning on 
the Trailing Face (where shear drives shallow, widespread wear). Ultimately, while the raw DEM wear 
depth provides the essential forensic baseline for individual collision severity, the polynomial fit 
provides a simplified representation of the spatial wear trends, while long-term geometric evolution 
remains to be validated. 

Despite the predictive capabilities demonstrated by the proposed numerical framework, it is 
imperative to critically evaluate the inherent assumptions and boundary conditions that constrain the 
model. The extrapolation of localized Discrete Element Method (DEM) energy spectra into long-term 
volumetric wear introduces several mathematical and physical limitations that must be addressed to 
contextualize the fidelity of the results.     

A primary limitation of this study stems from the fundamental reliance on an energy-equivalent 
adaptation of Archard’s wear formulation (Vtotal = (Kn En + Ks Es) / H). While this scalar transformation 
is computationally tractable and widely accepted for macro-scale predictions, it inherently simplifies 
complex, micro-mechanical tribological phenomena. The empirical wear coefficients for impact (𝐾" =
7.0 × 10*() and shear (9.0 × 10*() are treated as linear, time-invariant constants. In physical milling 
environments, however, lifter materials undergo dynamic surface alterations such as strain hardening, 
localized thermal softening, and corrosive degradation (particularly in wet milling scenarios). By 
homogenizing these micro-structural transitions into static coefficients, the model may under-predict 
wear resistance variations during the intermediate stages of the lifter's life cycle.    

The methodology relies on capturing energy spectra and scaling these localized interactions over 
extended temporal cycles to predict cumulative mass loss. Real-world mill lifter wear, however, is a 
highly transient and non-linear process. As the leading face profile recedes due to continuous high-
energy impacts, the face angle degrades, directly altering the charge trajectory and subsequently 
shifting the internal energy distribution. While our polynomial regression smooths the spatial 
transitions across the five defined geometric zones (Leading Face Plate, Leading Face, Top, Trailing 
Face, and Trailing Face Plate), extrapolating discrete time-steps over thousands of operating hours 
without continuous, dynamic mesh reconstruction risks overestimating impact dominance in the latter 
stages of the lifter lifespan, where shear forces typically begin to dominate. Crucially, this static 
temporal scaling and assumption of uniform geometric extrapolation directly dictate the spatial 
distribution of the predicted material loss. As the model aggregates these discrete energy spectra into 
volumetric recession without adaptive mesh feedback, the resulting geometric degradation manifests 
as highly localized, non-uniform wear bands across the lifter's geometry (Fig. 8).  

While acknowledging the inherent phenomenological constraints outlined, the proposed numerical 
framework delivers substantial predictive utility for the optimization of industrial comminution 
circuits.  By  decoupling  normal  (En)  and  shear  (Es)  energy  fields into physically interpretable regional 

 
Fig. 8. DEM-based versus polynomial-fitting wear depths 
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descriptors, the method converts discrete mesh-level collision data into a compact analytical form that 
can be compared across lifter geometries and operating conditions.      

The primary application of this spatial energy mapping lies in iterative liner design. Traditional lifter 
design often relies on empirical trial-and-error, which is costly and requires months of physical 
downtime to evaluate. It’s potential integration with generalized predictive models. Separating the total 
dissipated energy into normal-impact and tangential-shear components enables impact-dominated and 
abrasion-dominated regions to be analysed independently. This distinction is important because lifter 
height, face angle, spacing, mill speed, and filling degree can strongly influence charge trajectory and 
redistribute collision energy over the liner surface (Powell, 1991; Bian et al., 2017; Cleary and Owen, 
2018; Jauhar et al., 2026a).        

In this context, the fitted polynomial coefficients should be interpreted as reduced-order descriptors 
rather than universal constants. With a sufficiently broad DEM dataset, these coefficients could be 
related to operating and design variables using regression, response-surface modelling, or interpretable 
machine-learning methods. This provides a pathway toward generalized liner-wear models capable of 
predicting how changes in operating conditions or lifter geometry modify the balance between impact 
and shear energy, consistent with recent work on machine-learning-based liner-wear prediction and 
interpretable SAG mill energy-spectrum analysis (Pural et al., 2024; Jauhar et al., 2026a).   

Therefore, the long-term value of the proposed framework is not limited to reproducing a single 
simulated wear profile. Rather, it establishes a physically interpretable bridge between DEM 
simulations, fitting-based surrogate models, machine-learning generalization, and practical liner-
design or maintenance strategies. Future application will require validation against measured liner 
profiles and multi-condition DEM simulations before quantitative industrial implementation. 

Beyond initial design, the temporal scaling capabilities of the model provide a foundation for 
predictive maintenance scheduling. By translating discrete energy interactions into volumetric mass 
loss, plant operators can generate digital twins of their mill liners (Beloglazov and Plaschinsky, 2024). 

4. Conclusions 

A region-based analytical framework has been developed to represent DEM-derived impact and shear 
energy distributions on grinding mill lifters using a unified cubic polynomial form. By mapping energy 
spectra onto physically defined lifter regions and representing their spatial variation through 
polynomial coefficients, the approach bridges detailed DEM analysis with analytical tractability. 

The current study is intentionally limited to a single DEM scenario and should be regarded as a 
proof-of-concept rather than a finalized predictive model. Future work will focus on extending the 
framework through multiple DEM simulations spanning a broader range of operating conditions, 
including variations in mill speed, lifter geometry, filling degree, and load intensity. Together with 
contact-parameter sensitivity tests, numerical convergence assessments, and independent liner-wear 
measurements, an expanded DEM dataset would enable evaluation of coefficient transferability and 
the development of more general predictive models. 

Ultimately, the proposed methodology offers a promising pathway toward reducing reliance on 
repeated DEM simulations while retaining physical interpretability, providing a valuable tool for lifter 
design optimization and wear prediction. 
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