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Abstract: In this study, uniaxial compression tests were conducted on quartz, dolomite, apatite, and 
phosphate ore to analyze the fracturing behavior of pure minerals and actual ores under different 
particle size conditions. The fracturing characteristics were characterized using the Weibull distribution 
model. Experimental results indicate that for pure mineral specimens, the distributions of σ0 and m are 
relatively concentrated, and their fracturing behavior is relatively regular, primarily governed by the 
intrinsic mechanical properties of the minerals. In contrast, due to the influence of multi-mineral 
distribution, mineral interfaces, and structural defects, the distributions of σ0 and m in actual ores 
exhibit more pronounced dispersion, and their fracturing behavior gradually deviates from the 
characteristics typically observed in single-mineral specimens. As particle size increases, structural 
heterogeneity in actual ore gradually becomes the dominant factor, manifesting as a decrease in 
characteristic strength and Weibull modulus, as well as increased variability in crushing behavior; this 
scale effect is relatively weak in pure minerals. Studies indicate that σ0 and m are not fixed material 
constants, but rather statistical parameters that evolve with changes in particle size. These findings 
provide experimental support for modeling the crushing and grinding processes of multi-component 
ores and for the scale correction of strength parameters. 

Keywords: multi-component ore, uniaxial compression, Weibull distribution, characteristic strength, 
size effect 

1. Introduction 

Crushing and grinding are among the most energy-intensive operations in mineral processing, directly 
influencing resource utilization efficiency and production cost (Somani, Nandi, Pal, Majumder, 2017). 
During comminution, single-particle breakage represents the fundamental mechanical unit. The 
breakage mode directly affects ore liberation and energy utilization efficiency (Zong-Xian et al., 2023). 
The mechanical response at the particle scale provides a critical basis for understanding macroscopic 
comminution processes, highlighting the need for in-depth analysis of breakage behavior and its 
controlling mechanisms. Particle fracture behavior is influenced by a combination of factors, including 
the inherent properties of the mineral itself, as well as particle size and internal structure. The strength 
of a mineral is governed by its crystal structure, bonding characteristics, and defect distribution. These 
factors determine the fundamental strength level of the material. Changes in particle size introduce a 
size effect, causing strength to decrease systematically as particle size increases. At the same time, 
natural ores typically consist of multiple minerals, exhibiting complex intergrowth structures, mineral 
interfaces, and networks of microcracks. This structural heterogeneity alters stress distribution and 
crack propagation behavior, leading to increased variability and discontinuity during the particle 
fragmentation process. 

It is important to distinguish the two mechanisms. In a homogeneous material the size effect is 
essentially statistical: a larger specimen has a higher probability of containing a critical flaw, so that 
strength decreases with size under the weakest-link assumption, and the local stress concentration is 
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governed by the geometry of the individual flaws. In a multi-component ore an additional mechanism 
operates. The constituent minerals differ in elastic modulus, hardness and fracture toughness, so that 
the stress field is redistributed at phase boundaries: the stiffer or stronger phase carries a larger share 
of the load, while the softer phase and the interface region experience locally amplified stress. Size and 
heterogeneity therefore act jointly rather than independently. Increasing particle size raises not only the 
number of potential flaws but also the number and total area of mineral interfaces, and each interface 
acts as an additional stress concentrator. The two effects reinforce each other: the flaw population 
determines where cracks can initiate, whereas the interfaces determine how strongly the local stress is 
amplified and how the crack is deflected. This coupling is absent in homogeneous materials and 
explains why the strength scatter and its size dependence are more pronounced in multi-component 
ores. 

Previous research has extensively investigated particle fragmentation and size effects. Studies have 
shown that the strength of brittle materials decreases as particle size increases; this relationship is 
typically described by a power-law function (Armstrong, 2019; Tavares, 2022). Based on the theory of 
the weakest link, the strength distribution of particles is often assumed to follow a Weibull distribution, 
where the characteristic strength σ0 reflects the strength level and the modulus m describes the degree 
of dispersion (Bertalan et al., 2014). Most existing studies focus on single minerals or homogeneous 
materials, and there is a lack of systematic analysis regarding the coupled effects of structural 
heterogeneity and size effects in multi-component ores. The four size classes (6.5–22 mm) span the range 
over which the size effect governs both the crushing force and the mineral liberation of phosphate ore 
in industrial comminution and thus allow the size dependence of the Weibull parameters to be 
resolved.Uncertainty remains regarding whether Weibull parameters vary with particle size. In 
particular, within multi-component ore systems, the coupling mechanisms among mineral crystal 
structure characteristics, size effects, and structural heterogeneity remain unclear (Li, Xiao, Fu, Jin, 
Wang, Wang, Sun, Tian, Liu, Tian, 2025), and there is still a lack of systematic understanding regarding 
their impact on particle fragmentation behavior and its statistical patterns (Unland and Al-Khasawneh, 
2009; Dyskin and Pasternak, 2020). 

Phosphate ore is a key raw material for the phosphate chemical industry (Budemberg et al., 2025). It 
typically consists of minerals such as apatite, dolomite, and quartz, and exhibits distinct heterogeneous 
characteristics in its internal structure. Before it can be converted into phosphoric acid and phosphate 
fertilizers, phosphate ore must undergo crushing, grinding, and downstream beneficiation, in which 
flotation is the dominant separation method. The crushing and grinding stages largely determine both 
the energy cost and the quality of the subsequent beneficiation: the particle size distribution and the 
degree of liberation of apatite from its gangue directly control the grade and recovery of the flotation 
concentrate. Because apatite, dolomite, and quartz have similar surface properties, insufficient 
liberation leaves locked particles that depress concentrate grade, whereas excessive grinding produces 
fine slimes that consume reagents and reduce flotation selectivity (Yang, Li, He, Gong, Xu, Zhu, Zhu, 
Zhang, 2026; Chen, Zhang, Xiong, Zhu, Chen J., 2026). The breakage mode and the size effect therefore 
jointly determine mineral liberation and energy consumption in the downstream grinding–
beneficiation chain. However, this multi-component embedded structure causes the crushing behavior 
of phosphate ore to differ from that of single-mineral systems (Alona and Daniel, 2018; Lois-Morales et 
al., 2022), making models based on pure minerals difficult to apply directly to actual ores (Budemberg 
et al., 2025). Phosphate ore differs from most ores in two respects that bear directly on comminution. 
First, it combines minerals with strongly contrasting mechanical properties—quartz (Mohs 7), apatite 
(Mohs 5) and dolomite (Mohs 3.5–4)(Klein & Dutrow, 2007)—so that stress is partitioned non-uniformly 
among the mineral phases and fracture tends to follow the weaker phases and the interphase 
boundaries. Second, the valuable mineral (apatite) and the principal carbonate gangue (dolomite) are 
both calcium-bearing salt-type minerals with similar surface chemistry, so that their flotation separation 
depends critically on the degree of liberation achieved during comminution. Together with the fine, 
cryptocrystalline intergrowth of collophane, these features make the breakage behaviour of phosphate 
ore fundamentally different from that of homogeneous single minerals (Armstrong, 2019; Tavares, 
2022), on which most existing breakage models are based.Quantifying single-particle breakage in 
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phosphate ore is therefore a prerequisite for optimizing the crushing–grinding–beneficiation chain, 
which is of clear practical significance. 

This study conducted a systematic investigation of phosphate ore and its constituent minerals 
through single-particle compression tests. It analyzed the variation of maximum crushing force and 
fracture strength with particle size and applied the Weibull model to characterize the strength 
distribution. XRD techniques were used to correlate crystal structure characteristics with mechanical 
behavior. This study aims to reveal the scale dependence of Weibull parameters (σ0 and m) in 
multicomponent systems and to elucidate the coupled effects of size effects and structural heterogeneity 
in determining particle fracture behavior. In contrast to previous studies that focused on single minerals 
or homogeneous materials, this work (i) compares the single-particle breakage of a multi-component 
phosphate ore with that of its constituent minerals under identical loading conditions, (ii) links the 
resulting strength statistics to crystal-structure information, and (iii) quantifies the size dependence of 
the Weibull parameters in a genuinely heterogeneous system. This extends the Weibull-based 
description of strength scaling from homogeneous materials to multi-component ores and provides a 
basis for evaluating selective comminution and over-grinding in phosphate beneficiation. 

2.   Experimental materials and protocols 

2.1 Experimental materials and equipment 

A YCAW-300F microcomputer-controlled electronic compression testing machine was used. primarily 
to measure the maximum crushing force and deformation of irregular ore particles. The system can 
apply a maximum axial pressure of 300 kN. The force measurement accuracy is approximately 1%. The 
minimum displacement rate of the loading plate is 2 mm/min, and the maximum travel speed is 30 
mm/min. The YCAW-300F microcomputer-controlled electronic pressure testing machine and the 
loading experimental setup are shown in Fig. 1(a). 

The mineral samples tested included pure minerals such as quartz, dolomite, and apatite, as well as 
phosphate ore, as shown in Fig. 1 (b). The pure mineral samples were obtained through manual sorting, 
and their purity was confirmed to be above 90% via XRD analysis. Quartz consists primarily of SiO2 
and has a silicate tetrahedral framework crystal structure; dolomite is a magnesium-calcium carbonate 
mineral with the chemical formula CaMg(CO3)2, and a rhombohedral crystal structure; apatite is the 
primary useful mineral in phosphate ore, with the theoretical chemical formula Ca5(PO4)5(F, Cl, OH) 
and a hexagonal crystal system. Phosphate ore is a multi-mineral disseminated system, primarily 
composed of minerals such as apatite, dolomite, and quartz. For this experiment, irregular ore samples 
were selected in four particle size fractions with geometric mean diameters of 5–8 mm, 8–12 mm, 12–19 
mm, and 19–25 mm. 

       
Fig. 1 Experimental setup (a) and ore specimens (b) 

2.2.    Test plan 

2.2.1. Test method 

Irregular particles of quartz, dolomite, apatite, and phosphate ore were placed on the loading of the 
compression testing machine with their short axes aligned with the axial direction, ensuring that the 
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center of the loading plate coincides with the center of gravity of the specimen. First, the load was 
applied at a higher displacement rate until the loading plate approached the particles. The displacement 
rate was then reduced until the upper loading plate just contacted the particles. Subsequently, the 
relevant parameters were set, such as the loading rate, on the control panel. The loading rate for this 
experiment was set at 2 mm/min, which is the minimum displacement rate of the testing machine, so 
as to approximate quasi-static loading and to minimize rate-dependent and inertial effects. The ore 
samples were divided into four particle size ranges: 5–8 mm, 8–12 mm, 12–19 mm, and 19–25 mm., with 
each range comprising four different types of ore. During the test, a uniform load was applied to the 
samples using a pressure testing machine, and the loading process began; simultaneously, the pressure 
and deformation data were automatically recorded throughout the loading process. Complete fracture 
is defined as: the original specimen has split into multiple separate fragments, and the axial force has 
dropped abruptly to a residual value close to zero, such that the specimen can no longer withstand the 
applied load. Therefore, loading is terminated when such an abrupt drop occurs in the force-
displacement curve, or when the specimen visibly fractures into multiple separate fragments 
(whichever occurs first). The peak force prior to this abrupt drop is considered the maximum crushing 
force. A particle was regarded as completely fragmented when its largest remaining fragment was 
reduced to one-third or less of its original diameter. Since the loading device of this testing system has 
a high load-bearing capacity, the effect of the device’s own deformation on the test results can be 
neglected. For this experiment, 20 replicate tests were conducted for each particle size fraction of each 
ore type; with four particle size fractions set for each ore type, a total of 80 test sets were performed; for 
the four ore types combined, a total of 320 test sets were completed. 

Material strength is defined by its ability to resist external forces or energy input, which is 
fundamentally governed by the bonding state between internal particles. The intrinsic nature of 
strength is closely related to the type of chemical bonds and their mechanical properties. In this study, 
three parameters are used to characterize the strength of irregular ore particles: maximum breakage 
force, fracture energy, and breakage strength. The maximum breakage force represents the highest load 
that a single particle can sustain in one loading event before fracture, i.e., its ultimate load-bearing 
capacity for a single fracture, rather than the bulk strength of the material. Fracture energy refers to the 
energy absorbed during the fracture process (Bertalan, Shekhawat, Sethna, Zapperi, 2014), indicating 
the material’s resistance to crack propagation and failure. Breakage strength denotes the resistance 
exhibited by a material at the point of failure under applied load or stress and is commonly used to 
describe its compressive or tensile strength. Previous studies have demonstrated that the maximum 
crushing force 𝐹generally follows a power-law relationship with particle size D. This relationship can 
be described using the single-particle crushing model (Tavares, 2022), which is a typical empirical 
expression of the size effect widely applied in materials science, fracture mechanics, and geotechnical 
engineering. A related scaling is given by the generalized energy–size law (Hukki, 1961), in which φ = 
1, 0.5 and 0 correspond to the Rittinger, Bond and Kick laws, respectively. The corresponding 
relationship is expressed in Eq. (1): 

 𝐸∝$!0
!p
%
"

 (1) 

The power-law relationship between fracture force and particle size originates from the statistical 
distribution of internal defects and the associated stress concentration mechanisms within particles. 
Previous studies have further shown that fracture energy also follows a similar power-law relationship 
with particle size, supporting the applicability of this model for describing particle fracture behavior 
(Tavares, 2022; Li, Xiao, Fu, Jin, Wang, Wang, Sun, Tian, Liu, Tian, 2025). Accordingly, the maximum 
crushing force of a single particle follows an empirical power-law relation with particle size: 

 𝐹 = 𝑎𝐷# (2) 
In the equation, E corresponds to the material's elastic modulus, fracture energy, or strength; d0 

corresponds to the characteristic dimensions of the material's microstructure (such as particle diameter 
or particle size); dp corresponds to the macroscopic specimen dimensions or defect dimensions; and 𝜑 
corresponds to the size effect exponent (typically a positive number), which reflects the extent to which 
changes in size affect E, F represents the maximum breakage force of irregular ore particles (kN), D 
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denotes particle size (mm), and a and b are are fitting parameters determined from the experimental 
data of this study. 

The characteristic strength derived from the Weibull distribution scales with particle size as 
(Weibull, 1951): 

 𝜎∝𝐷-1/$ (3) 
where m is the Weibull shape parameter (modulus); the exponent −1/m reflects the scaling of the 
critical-flaw population with particle size and is tested against the experimental data in Section 3. The 
size dependence of the fracture strength is then described by a power law (Armstrong, 2019; Tavares, 
2022): 

 σ=aD-b (4) 
where σ corresponds to the fracture strength of irregular ores, MPa; D Corresponding size of particles, 
mm; m is the shape parameter; a and b are the parameters in the equation. 

2.2.2. Weibull distribution model 

Subsequent theoretical analysis indicates that the fracture strength of particles typically follows a 
Weibull distribution. Related studies have shown that the two-parameter Weibull distribution model 
provides a good fit for the experimental data of most irregular ores (Bertalan, Shekhawat, Sethna, 
Zapperi, 2014). Therefore, the two-parameter Weibull distribution model was adopted and uses the 
cumulative distribution function to describe the fracture characteristic strength of various types of 
irregular ores under different particle size conditions. The cumulative failure probability of a particle is 
described by the two-parameter Weibull distribution (Weibull, 1951): 

 P(σ)=1- exp -- . σ
σ0
/
m
0                                                                   (5) 

Equation (6) is obtained by rearranging Eq. (5): 

1-P= exp -- . σ
σ0
/
m
0                                                                     (6) 

Taking the natural logarithm of Eq. (6) gives Eq. (7): 
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Taking the logarithm once more yields the linearized form, Eq. (8): 

 ln -ln 1
1-%
0=𝑚 ln𝜎 -𝑚 ln𝜎0                                                               (8) 

The probability that a particle survives under a given stress is given by the Weibull survival 
function, with the nominal stress defined as σ = FB/d2 (Weibull, 1951; Hiramatsu and Oka, 1966): 

 𝑃'= exp -- .
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!2&0

/
$
0                                                                    (9) 

Combining Eqs. (5)–(9), gives, gives the two-parameter Weibull model, Eq. (10): 

 ln ln 1
%"

=𝑚 ln (!
!2

-𝑚 ln𝜎0                                                              (10) 

In the equation, P(σ) is the failure probability, σ is the stress, PS represents the cumulative survival 
probability. FB represents the maximum test force (N), d denotes the initial particle diameter, which is 
defined as the distance between the two loading contact points (mm), m represents the Weibull 
distribution modulus; and σ0 represents the characteristic strength of the irregular ore (Mpa). 

As shown in Eq. (10) and Ref. (Bertalan, Shekhawat, Sethna, Zapperi, 2014), the Weibull modulus 
can be calculated simply by determining the stress σ of the irregular ore and the corresponding 
cumulative survival probability PS. By performing a linear fit on the data points for stress and 
cumulative survival probability using Eq. (10), the slope of the line is m and the y-intercept is -mlnσ0. 
From the y-intercept, we can calculate the characteristic strength σ0 of the irregular ore particles. 

2.2.3. Selection of particle size fractions 

Four particle size classes were adopted in this study. The size range (nominal 6.5–22 mm, corresponding 
to the sieve fractions from −25+19 to −8+5 mm) was chosen because it covers the coarse-crushing 
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product and grinding-feed sizes of phosphate ore, over which the size effect on single-particle strength 
most strongly influences downstream liberation and comminution energy. Six standard sieve fractions 
were initially prepared. To ensure a statistically robust number of particles for the Weibull analysis 
while retaining four size levels that span the range, two pairs of adjacent intermediate fractions (−19+15 
with −15+12 mm, and −12+10 with −10+8 mm) were merged, giving four classes with nominal sizes of 
22, 15.5, 10 and 6.5 mm and n = 20, 40, 40 and 20 particles, respectively. Four levels were selected because 
the two-parameter power law (Eq. 4) contains two unknowns and therefore requires at least four levels 
to test its adequacy, while the largest-to-smallest size ratio of ≈3.4 provides sufficient leverage to resolve 
the exponent. Additional fractions would multiply the number of single-particle tests without 
materially improving the resolution of the size effect. Within each class the particles are confined to a 
narrow sieve interval rather than spanning a continuum, and the residual variability among individual 
particles is not treated as noise: it is quantified through the Weibull modulus m, which is one of the 
main quantities analyzed in this study. In this sense, the within-fraction variability is the object of the 
analysis rather than a confounding factor. 

3.   Results and discussion 

3.1 Size effect in particle crushing 

Table 1. Summary of single-particle compression results for phosphate ore and its constituent 

Mineral Size class n d(mm) Fmax(kN) σ(MPa) 

Quartz 

22 20 23.58 5.78±1.76 8.97±2.20 
15.5 40 18.28 3.43±0.57 9.14±1.31 
10 40 12.15 1.73±0.23 11.24±1.86 

6.5 20 9.27 1.24±0.18 13.42±2.35 

Dolomite 

22 20 24.96 2.42±0.44 5.50±1.11 
15.5 40 18.16 1.27±0.23 6.78±1.37 
10 40 11.60 0.56±0.13 7.93±1.83 
6.5 20 9.13 0.39±0.10 10.00±3.18 

Apatite 

22 20 30.33 4.59±1.33 4.40±1.11 
15.5 40 17.94 2.02±0.41 5.62±0.96 
10 40 11.51 1.03±0.22 6.90±1.39 
6.5 20 8.19 0.51±0.18 7.38±3.57 

Phosphate Ore 

22 20 20.04 2.60±0.84 5.80±1.82 
15.5 40 16.23 1.99±0.35 7.15±1.50 
10 40 11.05 1.47±0.36 11.35±3.27 
6.5 20 8.19 0.51±0.18 7.38±3.57 

Note: Values are mean ± 95% confidence interval (CI). n is the number of particles tested in each size class; d is the 
measured mean particle diameter; Fmax is the maximum crushing force; σ is the fracture strength. The same 95% CIs are 
the uncertainty measure used throughout the text. 

3.1.1. Maximum crushing force and particle size 

To elucidate the patterns of particle fragmentation behavior, we analyzed the mechanical responses and 
statistical characteristics under various particle size and mineral composition conditions. The results of 
the single-particle uniaxial compression tests are shown in Fig. 2 Different minerals exhibit a distinct 
size effect across all particle size ranges. As particle size increases, the maximum crushing force tends 
to rise, while the corresponding uniaxial compressive strength gradually decreases. Although the trends 
of these two parameters are opposite, they follow clear statistical patterns. The regression results 
indicate that the coefficients of determination (R²) for all mineral samples exceed 0.98, demonstrating 
that the power-law relationship effectively describes the dependence of maximum breakage force on 
particle size. The high correlation coefficients confirm a stable relationship between overall load-bearing 
capacity and particle size. With increasing particle size, both the effective load-bearing volume and 
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contact area increase, thereby enhancing the load-bearing capacity of the particle. Consequently, a 
greater external force was required to initiate failure, resulting in an increase in the maximum breakage 
force. 

 
Fig. 2. Relationship between maximum crushing force and particle size. Symbols aremeans (n - 20). For clarity, error bars 

are not shown; the 95% confidence intervals are listed in Table 1. Dashed linesare power-law fits (F = a*db) 

3.1.2. Breaking strength and particle size 

After converting the maximum breakage force into compressive strength, a typical inverse size effect is 
observed, whereby strength decreases with increasing particle size (see Fig. 3). This phenomenon is 
associated with the statistical distribution of internal defects within particles. Larger particles are more 
likely to contain microcracks, structural discontinuities, and mineral interfaces, which act as stress 
concentrators during loading. As a result, cracks initiate more easily and propagate at lower stress 
levels, leading to a reduction in macroscopic strength. The size effect (Crain, 2011) is reflected not only 
in the average strength level but also in the stability of breakage behavior, providing a basis for 
subsequent statistical analysis. 

 
Fig. 3. Compressive strength as a function of particle size. Symbols aremeans (n - 20). For clarity, error bars are 

not shown; the 95% confidence intervals are listed in Table 1. Dashed linesare power-law fits (F = a*d-b) 

3.1.3. The effect of multi-component structures on crushing behavior 

Building on the analysis of size effects, this study further examines the influence of differences in 
mineral composition on crushing behavior. Under identical particle size conditions, multi-component 
phosphate ore exhibits markedly different crushing characteristics compared to pure minerals. Overall, 
the maximum crushing force of phosphate ore is generally higher than that of pure apatite, and the 
trends in strength vary from those of pure minerals. Within a narrower particle size range, the 
compressive strength of phosphate ore can exceed that of some pure minerals. 
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The difference in strength between multi-component phosphate ore and pure minerals is shown in 
Fig. 4 The fracture strength of both apatite and phosphate ore decreases with increasing particle size, 
but the decrease in phosphate ore is more pronounced, dropping from 15 MPa to 6.5 MPa; in contrast, 
the decrease in apatite is approximately 2.5 MPa. this phenomenon is related to the multi-mineral 
embedding structure. High-strength minerals such as quartz and dolomite form local load-bearing 
frameworks that constrain weaker mineral phases, thereby improving the local load-bearing capacity. 
Meanwhile, cracks deflect at the interfaces between different minerals, thereby lengthening the 
propagation path and increasing the energy required for failure. Consequently, the overall resistance to 
fracture is enhanced. As particle size increases, the influence of the multi-component structure 
gradually shifts. intra-particle heterogeneity becomes more pronounced and the number of mineral 
interfaces increases (Zhu et al., 2008; Wang, Li, Wang, Li, Wang, Feng, Fu, 2024; YANG, J., LI, Y., ZHU, 
P., LI, Z., LI, H., MA, S., 2024), which in turn creates additional sites for crack initiation and propagation. 
As a result, microcracks gradually become the dominant factor controlling failure, resulting in a more 
pronounced reduction in strength. The decline in strength with decreasing particle size is more 
pronounced in multi-component ores, and the difference between them and pure minerals gradually 
widens. This indicates that the mechanisms by which multi-mineral embedded structures influence 
fracture behavior differ across scales: at small scales, they manifest as structural reinforcement, whereas 
at large scales, they manifest as defect-dominated behavior (ZHANG, D.H., ZHU, F.S., XING, J.B., 
YANG, S.C., 2005; Astrom, 2006). 

 
Fig. 4. Fracture strength as a function of particle size for apatite and phosphate ore. For clarity, error bars are 
not shown; the 95% confidence intervals are listed in Table 1. Dashed linesare power-law fits (F = a*d-b) 

The failure characteristics of multi-component phosphate ore are governed by the interaction 
between size effects and structural heterogeneity. Experimental observations reveal that both the 
characteristic strength (σ0) and Weibull modulus (m) vary systematically with particle size, indicating 
that these parameters are better interpreted as evolving statistical descriptors rather than intrinsic 
material constants. 

3.2.    Strength statistical characteristics and Weibull parameters 

3.2.1. Two-parameter Weibull distribution 

Data on fracture strength and particle-size distribution were compiled of 320 samples of four types of 
irregular ore during catastrophic failure; the results are shown in Table 2 There is significant variability 
between fracture strength and particle size distribution for these irregular ores. Given this variability in 
the experimental data, statistical methods are required to analyze and characterize the fracture strength 
characteristics of the four types of irregular ore. 

Particle breakage strength exhibits significant dispersion, and a single average value cannot 
adequately represent its mechanical characteristics. According to the weakest link theory, failure in 
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brittle materials is governed by the most critical flaw, and the strength distribution can be effectively 
described using the Weibull model. In the two-parameter Weibull distribution, the characteristic 
strength σ0 represents the overall strength level of the material, while the modulus m reflects the degree 
of  dispersion  in  the strength  distribution  (see Fig. 5).  The  results  indicate  that  the  Weibull model  

Table 2. Weibull parameter statistics 

Size Ore m σ0/MPa R2 

-25+19mm 

Quartz 2.329 10.162 0.821 
Dolomite 2.434 6.243 0.971 
Apatite 1.477 5.144 0.950 
Phosphate ore 1.992 6.465 0.900 

-19+12mm 

Quartz 2.371 10.369 0.967 
Dolomite 1.695 7.569 0.992 
Apatite 2.171 6.318 0.967 
Phosphate ore 1.983 7.965 0.973 

-12+8mm 

Quartz 2.329 12.614 0.929 
Dolomite 1.484 8.703 0.913 
Apatite 1.900 7.704 0.967 
Phosphate ore 1.534 12.137 0.926 

-8+5mm 

Quartz 2.865 15.112 0.942 
Dolomite 1.895 11.134 0.907 
Apatite 1.355 8.190 0.857 
Phosphate ore 1.950 16.926 0.912 

 

      
 

      
Fig. 5. Weibull fitting plots for different ores at various particle sizes: (a) 25–19 mm, (b) 19–12 mm, (c) 12–8 mm, 

and (d) 8–5 mm 
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provides a good description of the particle strength distribution characteristics. The degree of strength 
dispersion varies markedly across particle size ranges. The 25–19 mm fraction exhibits the highest 
concentration of strength values and the lowest variability, whereas the 12–8 mm fraction shows a 
broader distribution and greater scatter. Such differences suggest that particle failure is governed by 
the combined influence of size-dependent effects and internal structural characteristics. Variations in 
particle size alter the relative contributions of mineral boundaries, microcracks, and inherent defects 
during crack initiation and propagation. Consequently, the fracture process evolves with particle size, 
leading to distinct strength distribution patterns and different Weibull parameters among particle-size 
fractions. As a result, the statistical distribution of particle strength evolves with size, leading to distinct 
strength distribution patterns among different size fractions. 

3.2.2. Discrete characterization of strength 

Fig. 6 illustrates the evolution of the Weibull modulus (m) for different mineral specimens across several 
particle size ranges. Variations in m are observed among the tested size fractions; however, no consistent 
monotonic relationship with particle size is evident. The contrast between pure minerals and phosphate 
ore is more pronounced than the influence of particle size alone. In general, pure mineral specimens 
exhibit higher m values. Notably, apatite in the 8–5 mm size fraction attained an m value of 3.81, 
reflecting a relatively narrow strength distribution and a more predictable failure response. By 
comparison, the m values of phosphate ore remained within the range of 1.72–2.30, which is lower than 
those measured for most pure mineral samples. This behavior indicates that the presence of a multi-
mineral assemblage introduces additional variability into the fracture process and reduces its stability. 

The observed differences can be attributed to the combined effects of mineral interfaces, inherent 
structural defects, and contrasts in mechanical properties among constituent minerals. These factors 
alter crack initiation and propagation behavior, resulting in more tortuous fracture paths and greater 
dispersion in particle strength, thereby reducing the Weibull modulus (m) and increasing the 
uncertainty of fracture behavior. The findings further suggest that the Weibull modulus m responds 
more strongly to structural heterogeneity than to particle size variation. Consequently, m provides an 
effective statistical parameter for describing the stochastic nature of failure in multi-component ore 
systems. 

In summary, the size effect primarily influences σ0 by altering the strength level, while structural 
heterogeneity primarily affects the m-value, causing it to reflect the uncertainty inherent in the fracture 
process (Bai, Li, Feng, Liu, Gao, Zhang, Nie, 2023). he Weibull parameters provide a unified description 
of strength in terms of its discrete characteristics to a certain extent. 

 
Fig. 6. Comparison of Weibull modulus m of different ores. Error bars represent the standard deviation (± SEM) 

A pronounced size dependence can be observed for all materials. When particle size increased from 
6 mm to 10 mm, σ0 decreased markedly across all samples, highlighting the dominant influence of the 
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apatite displayed only minor fluctuations. Such behavior indicates that, under coarser particle size 
conditions, strength evolution cannot be explained solely by the size effect (He, 2019; Li, Xiao, Fu, Jin, 
Wang, Wang, Sun, Tian, Liu, Tian, 2025). 

The distinct responses observed among different minerals further suggest that characteristic strength 
is influenced not only by particle size but also by mineralogical composition, interfacial characteristics, 
and the spatial distribution of internal defects. In the case of multi-component phosphate ore, the 
presence of high-strength mineral phases can generate localized load-bearing frameworks at smaller 
particle sizes, thereby improving the overall resistance to failure. As particle size increases, however, 
the degree of structural heterogeneity becomes more significant. The increased number of mineral 
interfaces and defects promotes crack initiation and propagation, thereby reducing the effective load-
bearing capacity and contributing to the decline of σ0. Mineral interfaces and pre-existing microcracks 
exert a stronger influence on crack initiation and propagation, promoting failure and contributing to 
the reduction of σ0. 

These findings demonstrate that characteristic strength σ0 should not be regarded as an intrinsic 
material constant (Ngo et al., 2001; Qi, Ju, Yu, Meng, Qiao, 2022; Yin et al., 2023). Instead, it represents 
a statistical parameter that evolves under the coupled influence of size-dependent effects and structural 
heterogeneity. 

For the constituent minerals, the size-effect exponent fitted with Eq. (4) is b = 0.35, 0.47 and 0.42 for 
quartz, dolomite and apatite, respectively, whereas the composite phosphate ore gives b = 0.82. The 
corresponding products b·m are 0.85, 0.88, 0.72 and 1.52 (mean ≈ 1.0). The −1/m scaling in Eq. (3) 
requires b·m = 1, whereas the −3/m form would require b·m = 3; the observed values therefore support 
the former and are incompatible with the latter. The phosphate ore shows the largest b·m, indicating 
that its size effect is stronger than predicted from the Weibull modulus alone, which is consistent with 
the additional weakening provided by interphase boundaries, microcracks and fine intergrowth in the 
multi-mineral assemblage. In contrast, the Weibull modulus itself shows no systematic trend with 
particle size (Fig. 6), whereas the characteristic strength decreases consistently with size (Fig. 7). The 
four materials also differ in absolute strength and in the steepness of their strength–size curves. Quartz 
shows the highest absolute strength and the weakest size dependence, which is consistent with its 
ordered silicate framework and low defect density; apatite shows the lowest absolute strength, 
consistent with its finer crystallites and higher defect density; dolomite lies between these two. The 
composite phosphate ore exhibits the steepest decline with increasing size: at small sizes its rigid 
quartz/dolomite framework confines crack growth and raises the strength, whereas at large sizes the 
growing number of phase boundaries and microcracks makes fracture progressively easier. 

 
Fig. 7. σ0 curves of different ore particle sizes and characteristic strengths: (a) relationship curves for pure 

minerals, (b) relationship curves for phosphate ore. Error bars represent the standard deviation (± SEM) 

3.3. Analysis of crushing mechanism 

As particle size increases, heterogeneity effects in multi-mineral systems become increasingly 
pronounced (Wang, He, Hu, Li, Ma, Ren, 1981; Yapei et al., 2024; Wang, He, Hu, Li, Ma, Ren, 2026). 
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Mechanical differences between different minerals lead to local stress redistribution and the formation 
of non-uniform stress fields. As a result, the fracture process becomes more random. This behavior is 
reflected in a decrease in the Weibull modulus (m), indicating a broader strength distribution and higher 
variability (MATTYASOVSZKY-ZSOLNAY, 1957;Liu, Zhao, Tang, Liao, Wang, Tan, Chang, Luo, 
Wang, 2022; Feng, Cao, Li, Tang, Li H.-J., 2023). Therefore, the decrease in m can be directly attributed 
to the increased complexity of crack propagation in multicomponent structures. 

From a micro perspective, Grain size and defect distribution characteristics indirectly govern grain 
strength and its variability by affecting crack initiation behavior. the XRD analysis results (see Fig. 8) 
provide further evidence for the mechanical differences observed. Quartz exhibits sharp and narrow 
diffraction peaks with high intensity, indicating an ordered crystal structure and relatively low defect 
density (Marshall and Cox, 1987; Dittmer, Ritzberger, Schweiger, Rheinberger, Wörle, Höland, 2014; 
He, Chen, Wang, Wei, Chen, 2018), which in turn contributes to a more stable fracture response. In 
addition, the crystallite size is relatively large. However, the apatite exhibits multiple broad and widely 
dispersed diffraction peaks, indicating small grain sizes and a high defect density, thereby increasing 
the likelihood of crack initiation. These characteristics imply lower structural uniformity and greater 
variability in mechanical response. However, diffraction peak morphology alone cannot fully 
characterize the structural heterogeneity of different minerals. Therefore, the Scherrer equation was 
further applied to quantify crystallite size, thereby providing a more direct basis for interpreting the 
observed differences in fracture behavior. The inverse relationship between diffraction peak broadening 
and grain size further confirms that grain refinement is generally accompanied by an increase in defect 
density. As a result, finer grains provide additional crack initiation sites and promote more 
heterogeneous fracture behavior. Although grain refinement may enhance strength under certain 
conditions, the accompanying increase in defect density also increases the stochasticity of crack 
initiation and propagation. 

This interpretation is generally consistent with the trend observed in Fig. 7, further demonstrating 
that mineral structure and interfacial effects jointly govern particle fragmentation behavior in 
multicomponent ores. The crystallite sizes calculated using the Scherrer equation (Guo, Qi, Zou, Zheng, 
2017) are presented below, and the corresponding expression is given in Eq. (11): 

 D= Kλ
β cos θ

 (11) 

Here, D represents the grain size, K is the shape factor (taken as 0.89), λ is the X-ray wavelength 
(taken as 1.5406 nm), β is the half-width of the diffraction peak in radians, and θ is the diffraction angle 
(°); these values are used to estimate the size of the powder crystals. 

As shown in Table 3 the diffraction peak at 20.858° corresponds to the quartz phase, the peak at 
26.642° corresponds to the dolomite phase, and the peak at 31.999° corresponds to the apatite phase. 
According to the Scherrer formula, the crystal diameter of SiO2 in the quartz powder is 54–68 nm, that 
of CaMg(CO3)2 in the dolomite powder is 48–52 nm, and that of Ca5(PO4)3(F, Cl, OH) in the apatite 
powder is 20–34 nm. Phosphate ores contain tetrahedral, rhombohedral, and hexagonal crystal systems 
that together form a highly heterogeneous multi-mineral assemblage. The substantial differences in 
crystallite size among these mineral phases imply variations in crystal integrity and defect distribution. 
Consequently, stress redistribution and crack deflection are more likely to occur at mineral interfaces, 
resulting in greater variability in fracture behavior. These coupled effects jointly influence both the 
characteristic strength (σ0) and the Weibull modulus (m), producing fracture responses that differ 
significantly from those of single-mineral systems (Snyder, Fiala, Bunge, 1999). Analysis based on the 
Weibull distribution demonstrates that σ0 primarily represents the general strength level of the material, 
whereas m is closely associated with structural heterogeneity and the degree of dispersion in fracture 
responses. In addition, crystallographic information derived from the Scherrer equation suggests that 
grain size and defect density contribute indirectly to fracture behavior through their influence on crack 
initiation and growth. 

To illustrate more clearly the differences in fracture patterns between single-mineral and multi-
mineral ores (see Fig. 9), as shown in Fig. 9 (a), in pure mineral grains, the internal structure is relatively 
uniform; cracks often originate from local defects and propagate along the direction of maximum 
principal stress, thereby forming relatively simple and nearly linear paths. Consequently, the fracture 
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paths remain relatively regular, the failure modes are relatively simple, and the strength distribution is 
relatively concentrated. This behavior is consistent with the higher Weibull modulus observed in most 
pure mineral samples. 

 
Fig. 8. XRD patterns of (a) pure minerals and (b) phosphate ore 

Table 3. Diffraction peak parameters of different grains 

Crystal type 2θ/° cosθ Diffraction peak widening β/radian D/nm 

Silicon-oxygen tetrahedral crystal form 
20.858 0.983 0.00203 54 
39.470 0.941 0.00265 68 

Rhomboid crystal type 
26.642 0.973 0.00267 52 
50.147 0.905 0.00314 48 

Hexagonal crystal system 
31.999 0.961 0.00694 20 
33.142 0.958 0.00411 34 

In contrast, phosphate rock exhibits fracture characteristics typical of a multi-component ore 
structure, consisting of quartz, dolomite, and apatite. The coexistence of minerals with different crystal 
structures, grain sizes, and mechanical properties results in significant structural heterogeneity. The 
substantial differences in crystal size among the constituent minerals indicate variations in crystal 
integrity and defect distribution. Finally, under external loading, stress redistributes at mineral 
interfaces due to mismatches in elasticity and strength between adjacent phases. As shown in Fig. 9 (b), 
As particle size increases, the influence of mineral interfaces becomes increasingly significant. Larger 
particles contain more mineral boundaries and structural discontinuities, providing additional sites for 
crack initiation and propagation. Consequently, crack paths become increasingly complex and 
unpredictable, resulting in a broader strength distribution and lower Weibull modulus values. Fractures 
occur along the original mineral interfaces, and new mineral interfaces form along the resulting cracks,  

 
Fig. 9. Schematic illustration of the mechanism by which multi-mineral embedded structures influence 

particle fracture behavior: (a) Fracture patterns of pure mineral particles, (b) Fracture patterns of multi-mineral 
embedded ore 
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eventually giving rise to new combinations of mineral interfaces. Consequently, the fracture process 
becomes more random, resulting in a broader strength distribution and lower Weibull modulus values. 

The observed fracture behavior indicates that particle fracture in pure minerals is primarily 
governed by the intrinsic properties of the minerals, whereas fracture in multicomponent phosphorites 
is jointly controlled by mineralogical heterogeneity, interfacial effects, and defect mechanisms. 

A comprehensive analysis indicates that particle fracture in multi-mineral systems is influenced by 
a combination of size effects and structural heterogeneity. An increase in particle size is accompanied 
by a higher probability of defect occurrence within the particle, which facilitates crack nucleation and 
subsequent propagation, ultimately reducing the overall fracture strength. Meanwhile, the coexistence 
of quartz, dolomite, and apatite creates numerous mineral interfaces that alter local stress transmission 
and increase the tortuosity of crack trajectories. As a result, the fracture process becomes more complex 
and exhibits greater variability. Size effects control the overall strength level through defect 
accumulation, while heterogeneity affects the variability of fracture behavior by altering the crack 
propagation path (Bunaciu et al., 2015; Khelifi et al., 2024; Shen et al., 2025). These two mechanisms are 
inherently coupled and jointly determine the characteristic strength (σ0) and the Weibull modulus (m). 
The entire process is described within a unified framework encompassing defect evolution, crack 
propagation, and statistical response (Evans, Dalgleish, He, Hutchinson, 1989; Martínez-Pañeda et al., 
2019; North China University of Science and Technology Researchers, 2022). This framework provides 
a coherent explanation for the trends in strength and Weibull parameters observed experimentally and 
highlights the fundamental differences between single-mineral and multi-mineral systems (Lu et al., 
1999; Nelson, 2010). Such findings provide a theoretical basis for fracture modeling and improve the 
understanding of scale-dependent strength characteristics in complex ores. The combined effects of 
particle size and structural heterogeneity govern the evolution of strength distribution and failure 
mechanisms in multicomponent phosphate ores, providing valuable insights for crushing modeling and 
characterizing the scale dependence of ore strength. 

3.4. Scope and limitations 

This study is concerned with the mechanical response of single particles—the maximum crushing force, 
the fracture strength and its Weibull statistics—and with how these properties scale with particle size 
and mineralogy. The experiments were therefore designed to quantify breakage resistance rather than 
the fragmentation outcome. Accordingly, the size distribution of the breakage products, and 
particularly the yield of the −5 mm fraction, was not determined in the present experimental 
programme. Characterizing the product size distribution requires sieving and weighing of the 
fragments produced in each test, which is a distinct characterization and is addressed in a follow-up 
study. It is nevertheless worth noting that heterogeneous, multi-mineral ores have been reported to 
generate more fines at a given specific energy (Lois-Morales et al., 2022), which is qualitatively 
consistent with the lower strength and greater structural heterogeneity observed here for the composite 
phosphate ore. 

4. Conclusions 

To investigate the influence of ore structure and composition on the crushing behavior of multi-
component ores, this study employs uniaxial compression tests and incorporates the Weibull model to 
analyze the ore crushing process under various conditions. Concurrently, a comparative study was 
conducted on the strength characteristics of pure minerals and actual ores under different particle size 
conditions, as well as the structural heterogeneity reflected by the Weibull distribution. This approach 
not only provides theoretical support for mechanistic analysis but also lays a solid foundation for 
elucidating the fracture behavior of ores under varying particle size conditions. The main conclusions 
of this paper are as follows: 
(1) A pronounced size effect was observed in the tested materials, with particle strength decreasing as 

particle size increased. Compared with pure minerals, multi-component ores exhibited a more 
substantial reduction in strength, suggesting that structural heterogeneity amplifies the influence of 
particle size on mechanical behavior. 
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(2) The failure response of multi-component ores was found to be strongly dependent on particle size. 
In finer particle fractions, the embedded mineral framework provided structural confinement that 
restricted crack development. As particle size increased, the influence of internal defects became 
progressively more significant, and fracture behavior transitioned toward a defect-dominated 
regime. 

(3) The Weibull distribution was capable of capturing the statistical variability of particle strength. The 
characteristic strength σ0 showed a declining trend with increasing particle size, whereas the Weibull 
modulus m remained consistently lower in multi-component ores and generally decreased further 
at larger size fractions. These observations indicate that Weibull parameters evolve with scale and 
should not be regarded as invariant material properties. 

(4) The size effect and structural heterogeneity jointly govern the fracture mechanism of particles. Size 
variations modulate the strength σ₀ by influencing the number of defects, while the multi-mineral 
embedded structure affects m by altering the complexity of crack paths; the coupling of these two 
factors gives rise to the strength and dispersion characteristics unique to multicomponent ores. 
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