Physicochem. Probl. Miner. Process., 61(4), 2025, 205543 ‘ Physicochemical Problems of Mineral Processing

. ISSN 1643-1049
http:/ /www journalssystem.com/ppmp

© Wroclaw University of Science and Technology

Introducing a novel, and fast matrix-independent method to determine
least sampling points for mass balancing of flotation circuits

Hamid Khoshdast 1, Mohammad Mahmoodabadi !, Ahmad Hassanzadeh 23, Kaveh Asgari 4

1 Department of Mining Engineering, Higher Education Complex of Zarand, Shahid Bahonar University of Kerman,
Zarand 7761156391, Iran

2 Department of Geoscience, Faculty of Engineering, Norwegian University of Science and Technology, Trondheim 7031,
Norway

3 Maelgwyn Mineral Services Ltd, Ty Maelgwyn, 1 A Gower Street, Cathays, Cardiff CF244PA, United Kingdom

4 Department of Mining Engineering, West Virginia University, Morgaantown, West Virginia, USA

Corresponding authors: khoshdast@zarand.ac.ir (Hamid Khoshdast), a.hassanzadeh@gmx.de (Ahmad Hassanzadeh)

Abstract: Mass balancing of mineral processing plants refers to material distributions to different
streams of a circuit. Raw data required to produce mass balancing equations mainly includes elemental
assays, moistures, mass rates, water, and material flowrates. Since running a complete sampling
program to obtain all required information from all streams of a circuit is practically and economically
impossible, a minimum number of streams should be determined to conduct a comprehensive mass
balancing. In a conventional approach, this value is calculated using the number of feed streams and
separating nodes obtained from a matrix presenting the relationship between these streams and nodes.
Arrangement of such a connection matrix for complicated circuits is difficult; therefore, the present
study aimed to introduce simple equations to calculate the minimum number of sampling points using
the knowledge of the total number of streams and nodes included in the circuit. The suggested method
eliminated the need for generating a connection matrix and relevant tables. Comparing the results of
utilizing the conventional method and the presented new equation for different flotation circuits
confirmed the superiority of the proposed method from both simplicity and rapidness points of view.
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1. Introduction

Mass balancing in mineral processing is essential for systematically tracking material flow through each
stage (crushing, separation, etc.), ensuring input equals output plus losses. It optimizes efficiency by
identifying inefficiencies, minimizing waste, and improving recovery of valuable minerals. Accurate
mass balances enable data-driven decisions for process adjustments, troubleshooting underperforming
units, and enhancing profitability. They also ensure compliance with environmental regulations by
monitoring waste streams and emissions. Economically, mass balancing supports precise resource
accounting, financial reporting, and cost management. By providing a clear picture of material
distribution, it underpins operational transparency, sustainability, and informed strategic planning in
mineral extraction and processing (Sadeghi et al., 2018; Ling et al., 2023; Gama et al., 2025). It involves
calculating all measures that can be used for metallurgical assessment of different streams within the
plant. Accurate mass balancing is essential for optimizing plant performance, ensuring efficient
resource utilization, and enhancing overall operational efficiency (Jarkani et al., 2014; Wills and Finch,
2015). Mass balancing process relies on raw data obtained from a comprehensive sampling program.
Generally speaking, conducting a complete sampling program to gather all necessary information from
every stream within the circuit is practically challenging and economically unfeasible (Hodouin, 2010;
Gholami et al., 2022). Therefore, it is imperative to determine the minimum number of streams that need
to be sampled to achieve a comprehensive and accurate mass balance. Determining the minimum
number of streams to sample in mineral processing is critical to balance cost, efficiency, and accuracy.
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Sampling too many streams wastes resources and time, while insufficient sampling risks missing key
data, leading to unreliable mass balance calculations and process insights. By identifying essential
streams (e.g., feed, concentrate, tailings), operators ensure representative data for evaluating recovery,
grade, and losses without redundancy. This minimizes analytical costs and operational downtime while
maintaining precision in troubleshooting, optimizing separation efficiency, and complying with
environmental or financial reporting standards. Strategically limiting sampling points also simplifies
data management, enabling focused adjustments to enhance profitability and sustainability in mineral
operations (Berneder et al., 2017; Bakalarz and Duchnowska, 2024, Gharaei et al., 2024).

Determining the minimum streams to sample in mineral processing involves methods of mass
balance equations, which use input-output relationships to identify critical streams (e.g., feed,
concentrate, tailings) needed to solve for unknowns, to calculate the number of independent variables,
ensuring sampled streams match the equations required for accuracy, and to optimize sample size based
on desired precision (Gholami and Khoshdast, 2025). Traditionally, the minimum number of sampling
points is calculated using the number of feed streams and simple separating nodes derived from a
connection matrix. This matrix represents the relationship between streams and nodes within the circuit
(Laplante and Cleary, 1986). While, constructing such a connection matrix for complex circuits can be a
daunting and intricate task often requiring significant time and effort. Therefore, in all mineral
processing plants, sampling of different streams is routinely carried out as part of the plant or process
performance evaluation or audit. Such steady-state sampling-based assessments often result in the
identification and subsequent solution of operating problems. Further, steady-state sampling is an
essential step in building both steady-state and dynamic models of unit operations in mineral
processing (Salama, 2003; Silva et al., 2014). However, due to experimental errors and the over-
determined nature of mass balances, where more data is available than the minimum necessary to
determine a unique solution, it is essential to adjust the experimentally determined data to satisfy the
mass balance constraints (Smith and Frew, 1983). Therefore, to generate data for plant flowsheet mass
balancing, various streams should be sampled according to a well-designed sampling scheme that was
improved by Salama (1999). In relatively simple flotation circuits, it is not difficult to determine the
number of sampling streams to produce data for a unique set of equations for the system. However, to
calculate a steady-state mass balance for an entire complicated circuit, a more analytical method of
generating n linear equations for n unknowns is required. A plant flowsheet can be reduced to a series
of nodes where each simple node is either a separator, S (one input and two outputs), or a junction, |
(two inputs and one output) (Wills and Finch, 2015). Smith and Frew (1983) showed that providing the
mass flow of a reference stream (usually the feed) is known, the minimum number of streams (N) that
must be sampled to ensure the production of a complete circuit mass balance is:

N =2(F+5)-1 (1)

where F and S are the number of feed streams and simple separators, respectively.
For example, the flotation bank shown in Fig. 1 can be reduced to node-stream form and cascaded
into simple nodes. The minimum number of streams that must be sampled is thus:

N =2(1+3)-1=7

Fig. 1. A flotation bank reduced to node-stream form (Wills and Finch, 2015)

It can be seen from Fig. 1 that a node with two product streams can be divided into three simple
separator nodes. In general, if a separator produces n products, then this can be cascaded to n—1 simple
nodes. This is useful, as reducing a very complicated plant to simple nodes. A procedure has been
developed by Frew (1983) that allows easy automation and provides a check on the count-up of nodes
from the flow diagram. The method involves the use of a connection matrix. The number of feed streams
and simple separating nodes can be easily determined from the connection matrix; however,
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constructing the matrix for complicated plants is usually very difficult and needs computer-aided
programs.

To address this challenge, the present study introduces a simplified approach to determining the
minimum number of sampling points required for mass balancing. The proposed method leverages
straightforward equations that only require knowledge of the total number of streams and nodes in the
circuit, eliminating the need to generate a connection matrix and associated tables. This novel approach
aims to simplify the mass balancing process while maintaining accuracy and reliability. The suggested
method also eliminates the need for generating a connection matrix and relevant tables. By focusing on
the total number of streams and nodes, the new approach streamlines the process, making it more
accessible and less time-consuming for practitioners in the field. This innovation is particularly valuable
for complex circuits where traditional methods prove cumbersome and inefficient. Finally, to validate
the efficacy of the proposed method, the study compares the results of utilizing the conventional
method and the new equation across different flotation circuits. The comparison confirms the
superiority of the new method in terms of simplicity and rapidness, offering a more efficient and
practical solution for mass balancing in mineral processing plants.

2. Areview of the matrix method

The matrix method in mineral processing is a crucial analytical tool used to model and solve complex
systems within mineral processing circuits. By representing the relationships between streams and
nodes using a connection matrix, it helps organize and solve mass balance equations, ensuring accurate
material accounting and process control. This method is particularly beneficial for managing large-scale
operations with numerous streams and nodes. Literature highlights its efficiency in automating
sampling and mass balancing processes, reducing manual errors, and integrating with real-time
monitoring systems (Khoshdast et al., 2017; Smith et al., 2020). Despite its advantages, constructing the
matrix for complex circuits can be challenging, prompting the development of automated procedures
(Frew, 1986). Overall, the matrix method enhances accuracy and efficiency in mass balance calculations,
supporting the optimization of mineral processing operations (Wills and Finch, 2015). The connection
matrix, C is a zero-one structure where each element in the matrix is,

+1 forstream j flowinginto thei ™ node
C, =4 -1 forstream j flowing out thei ® node

0 for stream j not appearingati ™ node

Consider the flowsheet shown in Fig. 2,

— —

Fig. 2. A simple flotation circuit reduced to node-stream form (Wills and Finch, 2015)

From the node-stream flowsheet (Fig. 2), there are 11 flow streams and four nodes. The connection
matrix thus has 11 columns and 4 rows as shown below,

+1 -1 -1 -1 -1 0 0 O O O O

c 6o 0 +¢1 0 0 -1 -1 0 0O O O
/ 0o 0 0 41 0 0 O -1 -1 0 O
0o 0 0 0 +41 0 O 0 0 -1 -1
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The contents of each column represent the individual streams, and when summed must equal +1, -1, or
0, any other result indicating an error in the input of data, i.e.,
+1 streamis a feed (F)
Column sum = | —1 stream is a product (P)
0 stream is internal stream (I)

The elements of each row represent the individual nodes, and if the number of "+1" entries (1p) and
the number of "-1" entries (1) are counted, then 1, and 7, can be used to assess the number of simple
nodes,

e Number of simple junctions (J) = n,-1

e Number of simple separators (S) = 1,1
Now, the connection tables can be drawn as given in Tables 1 and 2.

Table 1. Type of streams in the circuit shown in Fig. 2

Column

(stream) 1 2 3 4 5 6 7 8 9 10 11
Sum +1 -1 0 0 0 -1 -1 -1 -1 -1 -1
Type F P I 1 1 P P P P P P

Table 2. The connection table indicates the type of nodes in the circuit shown in Fig. 2

Row (node) 1p Tin ] S
1 1 4 0 3

2 1 2 0 1

3 1 2 0 1

4 1 2 0 1

Sum 0 6

There are thus 6 simple separators, no junctions, and one feed stream; the minimum number of
streams that must be sampled is,

N =2(1+6)-1=13

3. Development of a new method

Considering a circuit with 7 nodes and m streams. The number of streams, either flowing into or out the
node i is m; including F; feed streams and 1, product streams. Thus, the circuit includes F feed streams
and n product streams,

m=F+n_ )

and,

F=F ®

nn = inn,i (4)
1

Each node with #,; product streams can be divided into 7,-1 individual simple separating node.
Therefore, the total number (S) of simple separators is,

Szi(nn,i—l)zlinm—nznn—n )
1 1

Substituting Equation 2 into Equation 5 gives,
S=m-F-n (6)
and substituting Equation 6 into Frew and Smith's Equation (Equation 1) results in,

N =2F+8)-1=2(F +m —F —n)-1
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Therefore,

N =2(m—-n)-1 7)
where N is the minimum number of streams required to be sampled, m is the total number of streams
and 7 is the total number of nodes.

To evaluate the accuracy of Equation 7, two simple and complicated circuits were considered and
the minimum number of sampling points was calculated using both Frew and Smith's equation
(Equation 1) and the proposed one (Equation 7). To illustrate the applicability of the presented method,
two case studies were examined first for a simple flotation circuit and then for a more complicated
circuit. The minimum number of sampling points for the flotation circuit shown in Fig. 2 was calculated
using the matrix method and found to be 13. Referring to the node-stream form of the circuit, there are
11 streams (m) and 4 nodes (n); therefore, using the new equation,

N =2(m-n)-1=2(11-4)-1=13

Consider the flotation circuit shown in Fig. 3 as a relatively complicated circuit.

1 2 3 4
—> 1@ s > 2@ > 3@ —
5 8 9
6 5 7
4 >‘6
A
11 13
12
10 9 H——>93s
14 15
1 ."17 ." 1
'@ 6 1@ 18 9
10 12
20

Fig. 3. A complicated flotation circuit matched to node-stream form (Khoshdast, 2019)

From the node-stream flowsheet of the flotation circuit shown in Fig. 3, there are 11 nodes (1) and 20
streams (). The connection matrix has a 12x20 form as shown below,

(41 -1 0 0 -1 0 0 0 0 0 0 0 0O 0O O O O O 0 O]
0O 41 -1 0 0 0 0 -1 0 0 0 0 0 0 O O O O 0 O
0 0 4«1 -1 0 0 0 0 -1 0 0 0 0 0 0 O 0O O 0 0
0 0 0 0 +1 -1 0 0 0 41 0 0 0 O O O O O O O
0O 0 0 0 0 41 -1 06 0 0 -10 0 0 00 0 0 0 0
0 0 0 0 0 0 +«1+ 0 0 0 0 -1 0 0 0 0 0 0 0
€ = 0 0 0 00 000 0 0 +1-10-10 00 0 0 0
0 0 0 00 00 0 0 0 0 +1 4+ 0 -1 0 0 0 0 0
0o 0 0 00 000 0 0 0 0 0+ 0 -10 0 0 -1
0 0 0 00000 0 0 0 0 0 0 +1 + -1 0 0 0
0 0 0 00000 0 -1 00 0 0 0 0 +1 -1 0 0
0 0 0 0 00 00O+ 0 0 0 0 0 0 0 0 +1 -1 0]
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The connection tables are shown in Tables 3 and 4.

Table 3. Type of streams in the circuit demonstrated in Fig. 3

Column
(stream)
Sum <1 0 0 1 0 0 0 0 0 0 0 O O O 0 o0 0 0 -1 -
Type F 1 I P I 1 T T 1 I I I I I I I I I P P

Row (node) 1p fn ] S
1 1 2 0 1

2 1 2 0 1

3 1 2 0 1

4 2 1 1 0

5 1 2 0 1

6 2 1 1 0

7 1 2 0 1

8 2 1 1 0

9 1 2 0 1
10 2 1 1 0
11 1 2 0 1
12 2 1 1 0
Sum 5 7

There are thus 7 simple separators, 5 simple junctions, and one feed stream; the minimum number

of streams that must be sampled is,
N =2(1+7)-1=15
Referring to the node-stream form of the circuit (Fig. 3), for 20 streams and 12 nodes the minimum
number of sampling points is,
N =2(m-n)-1=2(20-12)-1=15

As seen, by the new equation the need for developing the connection matrix is eliminated; therefore, it
is easier and faster than the Smith and Frew equation.

4. Further simplification of the new equation

Current challenges in conventional methods include complexity of calculation process that obscures
critical streams and dynamic variability in feed/material properties. Moreover, complex calculations
may lead to data inaccuracies from sampling/measurement errors, and resource constraints balancing
cost vs. precision. Generally, mathematically simplified models relied on real-world interactions can
match actual fluctuating operations, risking incomplete or biased insights, hence, yield reliable mass
balance outputs. To this purpose, Equation 7 was further simplified after some further “mathematical”
substitutions. As mentioned earlier, each simple node (1) includes three streams (m1,,), that is,
m,;=2n +1 )

Thus, the total number () of streams constructing a circuit with n nodes is,
n
m= Z m,;
I
n
m = Z (2n, +1)
1

m=2n+1 9
A combination of Equations 9 and 7 leads to,
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N =2[2n+1)-n]-1
N =2(n+1)-1
and finally,

N =2n+1 (10)
where 7 is the total number of nodes included in the circuit. However, one should consider that n in
Equation 10 is the node number in the original form of the circuit not in its node-stream form. That is,
n is the total number of operating equipment employed in the circuit which can be considered as real
separating nodes such as hydrocyclones, single concentrate flotation banks, etc. Therefore, single input-
single output units such as crushers, storage bins, etc. cannot be considered as operating equipment.
Considering the multi-input or multi-output units like conditioning tanks in calculations depends on
the mass balance target; for example, if mass balance is done for water the tank would be an operating
equipment, otherwise if solid mass balancing is run the tank should be eliminated from calculations.

5. Validation and discussion of simplified equation

Considering circuits shown in Figs. 2 and 3 to evaluate the validation of Equation 10, the minimum
number of streams being sampled is determined as follows,

e Circuit 1 in Fig. 2 includes three flotation units with independent product streams and three

classification units; therefore,
N =2n+1=2(3+3)+1=13
e Circuit 2 in Fig. 3 has 6 independent flotation banks and a single deck fine screen, thus
N =2n+1=2x7+1=15
As seen, Equation 10 can exactly determine the minimum number of sampling points as Equation 7 and
the matrix base method. The state “independent unit” refers to the processing devices that act as a
separating node in which the number of output streams is larger than the number of input streams.

In mineral processing, it is common to use a closed circuit to return below-criteria material as a
circulating load to the head of the treatment loop for further processing prior to release. In addition,
new feed streams are usually added to different stages of a processing circuit which charge solid and/ or
water to primary feed lines. When using Equation 10, one needs to consider the type of such non-
operational nodes in the circuit. If the node is created in conjunction with a circulating load stream, the
node should not be included in the calculations but if the node is created by a new feed stream, the node
would be considered as an operational node and used in calculations. As an example, assuming a
relatively complicated flotation circuit shown in Fig. 4.

13 2 l ®) 9 6) 1
2
8
4 5 “ 10 12
6 B 13
—{_ ] T ﬂ:ﬁ
14
D 16 17 (1) 15Y 9
" (12)

@)

18 ©) 19 (10)

20

(#) Node
# Stream

Fig. 4. A sample flotation circuit with a multiplicity of inter-streams (Khoshdast, 2019)

The circuit has 7 operational units including 6 independent flotation banks and an independent
hydrocyclone unit. Therefore, the minimum number of sampling points can be determined by Equation
10,

N =2n+1=2xT7+1=15
The connection matrix of the circuit takes a 12x20 form (Appendix A). Referring to the connection

table, the circuit has 7 simple separators (S), and 6 simple junctions, and one feed stream (F); the
minimum number of streams that must be sampled is 15 as determined by Equation 10,
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N =2(1+7)-1=15
Assume that stream 11 is returned to flotation bank (6) as a circulating load stream. Then, the original
flotation circuit in Fig. 4 gets the form shown in Fig. 5.

New Circulating Load Stream

21 9

1(M3 2 13
« 8
4 5 @ 10
- 7 ]
ﬂ N .
14
16 17_(11) 15 9
(12)
)
18 ©) 19 (10)

20

(#) Node
# Stream

Fig. 5. Flotation circuit of Fig. 4 with a new circulating load stream

As seen in Fig. 5, the number of nodes and streams increases to 13 and 21, respectively. Using
connection data (Appendix B), the circuit is constructed by 7 simple separators (S), 6 simple junctions,
and one feed stream (F); the minimum number of streams that must be sampled is 15 as determined by
equation 10,

N =2(1+7)-1=15
Similar to the original circuit, the new circuit has 7 operational units including 6 independent flotation
banks and one independent hydrocyclone. Therefore, the minimum number of sampling points can be
determined using Equation 10 as follows,
N =2n+1=2x7+1=15

Now, presuming the circuit in Fig. 6 showing the original circuit (Fig. 4) with a new feed stream
added to the flotation bank (5). The circuit now includes 13 nodes and 22 streams. The minimum
number of sampling points can be calculated using Equation 10 considering the circuit has one new feed
stream in addition to 6 independent flotation banks and one independent hydrocyclone. Therefore,

N =2n+1=2x8+1=17

New Feed Stream

1 (M3 2 (13121 ) 9 ) 1
: 8
4 5 ) 10 12
!
I~ & |
£D : I ﬂ:_‘
14
16 (12) (11) 15 9
®)
18 ) 19 (10)
20
i , (#) Node
# Stream

Fig. 6. Flotation circuit of Fig. 4 with a new feed stream

The circuit has 7 simple separators, 6 simple junctions, and two feed streams (Appendix C); the
minimum number of streams that must be sampled is 17 which is equal to the value determined by
Equation 10,

N =22+7)-1=17
The developed model serves as the mathematical foundation for the mass balance program, making it
inherently scalable for application across various operational sizes. Industrial examples drawn from
real-world case studies in this article further validate the model’s effectiveness at an industrial scale,
bridging theory and practice. By combining theoretical rigor with empirical validation, the approach
ensures reliability and adaptability, confirming its utility in both conceptual frameworks and large-scale
mineral processing systems. Generally speaking, the proposed method prioritizes usability,
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computational efficiency, and broad applicability, making it more practical for engineers in diverse
mineral processing scenarios. Table 5 lists the advantages of new method over conventional ones.

Table 5. Comparative analysis of the proposed method against conventional ones

Criteria New method Conventional methods
Understandability Intuitive for engineers; clear logic flow Steeper learning curve; complex
terminology
Calculation Simplified equations; fewer variables Requires iterative/complex
Simplicity computations
Coding Effort Minimal code for soft-calculation Lengthy, nested code structures
Scalability Seamless compatibility across all scales Limited to specific scales or
configurations
Circuit Versatility Adaptable to all circuit types (e.g., Restricted to specialized circuits
open/closed)

6. Conclusions

Mass balancing is a vital procedure in mineral processing plants, essential for optimizing plant
performance and ensuring efficient resource utilization. Traditional methods for mass balancing require
extensive data from a complete sampling program, which is often impractical and economically
burdensome. The complexity of mineral processing circuits further complicates the task, as
conventional approaches rely on constructing connection matrices to determine the necessary number
of sampling points. These matrices, which represent the relationships between streams and nodes, are
challenging to create for intricate circuits, demanding significant effort and computational resources.
This study addressed these challenges by introducing a novel method to calculate the minimum number
of sampling points required for comprehensive mass balancing. The proposed method simplifies the
process by using straightforward equations that leverage the total number of streams and nodes within
the circuit. This approach eliminates the need for constructing connection matrices and relevant tables,
streamlining the mass balancing process. The effectiveness of the new method was validated through
comparisons with the conventional matrix-based approach across various flotation circuits. The results
unequivocally demonstrated the superiority of the new method in terms of simplicity and speed. By
reducing the complexity and time required for mass balancing, this method provides a practical and
efficient solution for mineral processing plants, especially those dealing with complicated circuits. One
of the key advantages of the proposed method is its accessibility. Plant operators and engineers can
quickly determine the minimum number of sampling points without the need for specialized software
or detailed knowledge of matrix construction. This ease of use can significantly enhance the operational
efficiency of mineral processing plants, allowing for more frequent and accurate mass balancing
assessments. Furthermore, the elimination of the connection matrix requirement reduces potential
sources of error and improves the robustness of the mass balancing process. The new method ensures
that mass balance constraints are satisfied with fewer assumptions and less data manipulation, leading
to more reliable and consistent results. In practical terms, the implementation of this new method can
lead to substantial cost savings. By minimizing the number of samples required, plants can reduce labor
and analytical expenses while maintaining or even improving the accuracy of their mass balance
calculations. This efficiency gain can be particularly beneficial in large-scale operations where extensive
sampling programs would otherwise be prohibitive. In conclusion, this study has introduced a
significant advancement in the field of mineral processing by providing a simpler, faster, and more
reliable method for mass balancing. The proposed equations for determining the minimum number of
sampling points represent a practical alternative to the conventional matrix-based approach, offering
clear advantages in terms of ease of use, accuracy, and cost-effectiveness. Future research could further
refine these equations and explore their applicability to even more complex processing circuits,
potentially expanding their utility across a broader range of mineral processing applications. This
innovative method stands to greatly enhance the efficiency and effectiveness of mass balancing in
mineral processing plants, contributing to more optimized and sustainable operations.
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Connection matrix and the connection table for the simple flotation circuit with a multiplicity of inter-

streams (Figure 4).
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Connection matrix and the connection table for the simple flotation circuit with a with a new circulating

load stream (Figure 5).
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Connection Table
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Connection matrix and the connection table for the simple flotation circuit with a new feed stream

Appendix C
(Figure 6).
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