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Abstract: In order to accurately predict the particle size distribution (PSD) of coal particle bed
comminution under different applied pressures, the tests of two kinds of coal with four size fractions
under five different applied pressures were carried out by TAW-3000 hydraulic servo testing machine.
The Gaudin-Schumann(G-S) distribution is extended by the fractal theory and the JK size-dependent
breakage model is discussed. Two mathematical models for predicting PSD of crushing products in coal
particle bed comminution are proposed. Results show that the relationship between the mass-specific
energy and applied pressure is linear. Because of the protective effect of fine particles, the change of
particle size modulus dy in G-S distribution is not significant, while the distribution parameter a
decreases logarithmically with the increase of mass-specific energy. With the decrease of size fraction,
the crushability of coal particle bed decreases, and a master curve can be used to fit the comminution
characteristics of coal particle bed with different size fractions. The extended G-S distribution model
and the JK size-dependent breakage model have better fit the results of coal particle bed comminution.
This research provides a useful reference for the mathematical modelling of coal particle bed
comminution.

Keywords: coal, particle bed comminution, the extended G-S distribution, the JK size-dependent
breakage model, mathematical modelling

1. Introduction

The coal comminution is one of the important operation units to realize the clean coal processing and
utilization of coal. Improving the energy utilization efficiency of coal comminution and controlling the
particle size distribution (PSD) have been the focus of research all around the world (Zuo et al., 2012).
The comminution of coal is a very complex non-linear process which has the characteristics of high
energy consumption, and low energy efficiency. Therefore, it is of great importance to study the
fragmentation mechanism of coal and establish the relationship between energy input and PSD. For
more than one hundred years, much attention has been given to the energy-size reduction relationships,
in which laws of Rittinger (1867), Kick (1885) and Bond (1952) are notable (Liu et al., 2016). To describe
the degree of breakage concerning particle size effect and specific energy input, a size-dependent
breakage model was developed in 2006, and published in 2007 (Shi and Kojovic, 2007).

Many studies have investigated the principle of single particles and particle bed comminution. A
large number of valuable results have been obtained, such as assessment of particle strength, estimation
of energy requirement for size reduction and PSD, and equipment modelling (Shi, 2016; Tavares and
King, 1998; Jiang et al., 2018; Schonert, 1996). The mechanism of particle material comminution has been
revealed, which provides a theoretical basis for improving and optimizing the existing comminution
equipment and developing energy-saving, environmental comminution equipment. As a result of
impact experiments, a variety of correlations to define the breakage function have been developed. It
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should be noted that some researchers correlate breakage function with the impact velocity (Duo et al.,
1996; Kalman et al., 2004; Petukhov and Kalman, 2003; Salman et al., 2002), while others with the kinetic
impact energy (Austin, 2002; Peukert, 2004). The standard PSD equations are Gaudin-Schumann (G-5)
distribution, Rosin-Rammler (R-R) distribution, lognormal distribution and truncated lognormal
distribution (Meier et al., 2009). The PSD models are the summary of experience, but the parameters in
most PSD models lack specific physical significance. Turcotte (1986) used the fractal method to describe
the PSD quantitatively and linked it with a specific comminution model, which was of considerable
significance to the study of the comminution process. Gong (2018) systematically studied the
comminution characteristics of copper and gold ore under slow compression, impact and particle bed
comminution. The sieving data under different comminution methods were fitted well with G-S
distribution and R-R distribution. It was found that the particle size modulus (maximum particle size)
of G-S distribution did not change significantly in the process of particle bed comminution, which
confirmed the protective effect of fine particles in particle bed comminution. Xu (2018) established a
quantitative relationship between the PSD parameters and the input energy in the G-S model by using
the fractal theory. The comminution index t10 is used as a "bridge" to establish a quantitative relationship
between breakage degree and comminution energy. It can also be used to predict the particle size
distribution of ore comminution through the established family of t-curves. Therefore, the interest in
the improvement of comminution and its fundamental aspects remains undiminished. The
comminution efficiency improvement should be directed not only towards the machine development
that enhances energy utilization but also towards the design of grinding operations that make optimal
use of existing machines.

In this paper, an energy-size distribution based on the extended G-S distribution is established, and
the JK size-dependent breakage model incorporating particle size material characteristics and input
energy is recommended. This research can provide a convenient method for the estimation PSD under
different input energy in coal particle bed comminution.

2. Theory
2.1. The extended G-S distribution

Turcotte (1986) proposed a fractal model for the particle fragmentation based on the notion of a scale-
invariant cascade of fragmentation. In this model, a parent particle is composed of a population of
structural units of fixed size do. A fraction P of this mass fragments into smaller units of size di=rdj,
where r is reduction ratio (is a constant<1). A fraction P of this mass in turn fragments into units of size
dr=rd;. The division process is repeated across a range of cascade of scales, resulting in a geometric
progression of fragment sizes. If M; is the cumulative mass of fragments <d;, then the model may be
written simply as Mijn=PM;=P:Mr. A power-law relation yields in terms fragment size d; as follows.

M(sd; d;

= he )
where a=3-D, D is the fragmentation fractal dimension. The fragmentation fractal dimension is related
to the probability of fracture in the form of

logP

D=3- % )
where P is the probability of fracture. Vogel et al. (2003) obtained the breakage probability of particles
that are broken as a function of fracture energy fundamentally. The breakage probabilities of brittle
particles are described with Weibull statistics. Weibull’s brittle fracture equation is given by (Xu et al.,
2018)

P =" 3)
where ¢ is the value of 0 such that 37% of the total number of test particles survival, P is the probability
of failure (defined as the cumulative relative frequency distribution for o), and m is a constant
corresponding to the moments of the Weibull distribution, called the Weibull modulus. Substituting Eq.
(3) into Eq. (2), the relationship between the fragmentation fractal dimension and the applied stress is
given by

D = a + blogo 4)
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where a = 3 + mlogo, /logr, b=-m/logr. The mass-specific energy is given by (Tavares, 1998)
5

E, =Co3 ©)
Combining Eq. (4) and Eq. (5) yields the relation of the fragmentation fractal dimension to the specific
fracture energy as follows:

D = A + BlogE,, (6)
where A=3+mlogoo/logr+3mlogC/ (5logr), B=-3m/ (5logr).
a=3—D =P+ QlogE, (7)

where P=3-A, Q=-B.
The extended G-S distribution is given by

y =100 x (Z_;)(PwlogEm) 8)

2.2. The prior art JK model and the JK size-dependent breakage model

The prior art JK model describes the relationship between ti0 and En, as follows:
tio = A(l —e~PFm) ©)
where tyg is a size distribution ‘fineness’ index defined as the progeny percent passing one-tenth of the
initial mean particle size (%), En is the mass-specific energy(kWh t1), and A and b are the ore impact
breakage parameters determined by the drop weight test (Napier-Munn et al., 1997)
Based on dimensional analysis and mechanical considerations, Vogel and Peukert (2003)
quantified the description of the breakage probability and breakage function, as follows:

S=1-exp[—frna-x"k-* (Wm,kin - Wm,min)] (10)
where S is the breakage probability, fmat is the material breakage property.(kg J* m1), x is the initial
particle size(m), Winkin is the mass-specific kinetic impact energy(Jk ‘g1), Wmmin is the threshold energy
below which breakage does not occur(J kg?), and k is the successive number of impacts with the single
impact energy.

Shi and Kojovic (2007) modified Vogel and Peukert’s breakage probability model to describe the
breakage index ti0(%) with material property, particle size and net cumulative impact energy, as follows:

ti0 = M{1 — exp[—frmas ~x "k - (Wm,kin - Wm,min)]} (11)
where M represents the maximum t1o for material subject to breakage (%), and Emin the threshold energy
(J kg?) (the units of the other variables are the same as in Eq. (10)).

Nadolski et al. (2014) presented a revised version of Eq. (11), in which Enn was set to zero, and
particle size x replaced with the square root of x. Eq. (12) can well represent the particle size effect and
give a better fit in multilayer particle compression tests.

tio = M[1— exp(—fnar - ¥*° -k * Epy)] 12
Nadolski (2015) further modified Eq. (12) by changing the exponent 0.5 to more flexible exponent

n (Eq. (13)):
tio = M[1 — exp(—fpae - X" "k * Ep)] (13)

3. Materials and method
3.1. Materials

The bituminous coal from Zhun Geer of Inner Mongolia and the anthracite from Tai xi of Ningxia were
used for carrying out the particle bed comminution. Two of the tested materials are illustrated in Fig. 1.
As shown in Fig. 1(b), the structure of the anthracite is compact with few apparent cracks. The properties
of the coal are shown in Table 1.

The raw coals were crushed by jaw crusher. The crushed sample was sieved to produce a sufficient
stock of several size fractions, namely 13-6, 6-3, 3-1, and 1-0.5 mm. The sieved particles were mixed
evenly. A sample weight of 60 g was comminuted under a set of bed pressures. Three parallel tests were
required under the same test conditions.
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Table 1. Properties of the coal

Compressive Tensile strength Elasticity modulus  Poisson's  Density
1 HGI
Coal type strength (MPa) (MPa) (GPa) ratio (g cm3)
Bituminous 19.93 173 3.80 031 146 61
coal
Anthracite 20.89 3.00 4.92 0.27 1.52 44

(a) (b)

Fig. 1. Coal samples for the tensile tests. (a) Bituminous coal. (b) Anthracite

3.2. Apparatus and experimental methods

The TAW-3000 hydraulic servo test system, shown in Fig. 2, was used for carrying out particle bed
comminution. Comminution tests were carried out in a piston-die assembly loaded. The piston with a
diameter of 50 mm was snugly fitted into die, 50.2 mm diameter, to make a fully confined coal particle
bed. The mass of solids forming the particle bed was 60 g in all tests. The particle beds com+pressed at
a slow rate of loading (5 mm min?) up to the desired maximum force levels of 10, 20, 30, 40, and 50 kN,
corresponding to the approximate bed pressure of 5.09, 10.19, 15.27, 20.38, and 25.48 MPa, respectively.
Force-displacement data were logged digitally and integrated numerically up to the maximum
displacement to obtain the total work of compression. A series of standard sieves with specifications
from 0.074 mm to 13 mm were selected to screen 120 comminution products with four size fractions
under different loading intensities. The EW-300A (accuracy is + 0.0001 g) electronic balance was used
to weigh the sieving products of each size fraction, and the relative weight loss value of the size fraction
is less than 0.5%. After weighing, the sieving products of each size fraction were poured into the sample
bag, respectively and store them for later use.

Piston

Fig. 2. TAW-3000 hydraulic servo test system
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4. Results and discussion
4.1. Force-displacement curves and energy absorption

Fig. 3 shows the force-displacement curves of the bituminous coal sample with 3-1 mm size fraction.
The displacement curve is divided into four stages including compaction stage (OA), damage stage
(AB), fragmentation stage (BC), and wielding stage (CD). The piston moves rapidly with lower forces
in the compaction stage where the particles are rearranged. With increasing force and compaction,
particles are stressed in quasi-triaxial or quasi-uniaxial model which may eventually lead to breakage
and concomitant rearrangement, namely damage stage and fragmentation stage. The force-
displacement curves become steeper with increasing compaction and show a regular trend with the size
fraction, namely wielding stage.

50
Bituminous coal F tafi
40 size fraction 3-1 mm ragmentation
i stage
1 1 1 fD
~30F ! Damage! o
Z Compaction stage ! 1 1 Wielding
% -— sfage
: g
B ]
£ 20 '
1 1
1 1
10 L
1 1
0 . 1 N 1 . 1 . 1 . 1 . 1 L
0 2 4 6 8 10 12 14

Displacement(mm)

Fig. 3. Force-displacement curves of bituminous coal size fraction 3-1 mm

As expected, the specific energy consumed for breaking the various size fractions increased as the
applied load increased. The trend of the specific energy consumed as a function of the applied load
increases as shown in Fig. 4. There is almost a linear increase in the specific energy absorbed with the
increasing applied pressure within its experimentally studied range. There is no noticeable difference
among coal particle beds of the bituminous coal with four size fractions. However, for particle beds of
the anthracite with four size fractions, a smaller size fraction absorbs more energy at the same applied
stress. A probable explanation for this behaviour is the result of the microstructure of the material (Liu
et al., 2012; Abouzeid et al., 2018).

Anthracite

Specific energy(J-g™")

Fig. 4. Specific energy absorption at different levels of applied pressure in particle bed comminution of
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4.2. G-S distribution and its extension

The PSDs of the progeny fragments resulting from particle bed comminution tests were measured by
the sieving and then fitted with the Eq. (1). The average coefficient of determination (R?) is 0.96. The size
fraction of 1-0.5 mm is taken as an example, as shown in Fig. 5.

As shown in Fig. 5, the product PSDs of the bituminous coal and anthracite samples comminuted in
piston-die press shift progressively to fine size distributions as the applied pressure or equivalently the
energy input increased. The shift in the size distribution curves is extra pronounced at low pressures.
Fig. 5 suggests that the size distribution of bituminous coal is expectedly finer than anthracite. An
explanation for this behaviour is that the HGI of anthracite is lower than bituminous coal, shown in
Table 1.

100 100
80 F 80 F
.OS) ek Bltlllmmous‘coal g 60 L Anthracite
z Size fraction & Size fraction
< 1-0.5 mm g 1-0.5 mm
a0k = 5.09MPa ; 40 = 5.09MPa
g e 10.19 MPa =] e 10.19 MPa
O A 1527 MPa © A 1527MPa
20 F v 20.38 MPa 20 v 20.38 MPa
¢ 2548 MPa ¢ 2548 MPa
O 1 1 1 1 0 L
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 ) O._6 0.8 1.0 1.2
Particle size(mm) Particle size(mm)

Fig. 5. Product size distributions of bituminous coal and anthracite in piston die-press at size fraction 1-0.5 mm
and Eq. (1) fitting

As shown in Fig. 6, the particle size modulus dp in the G-S distribution did not vary with the
increasing applied pressure. Because the fine particles sandwiched between two coarse particles are
easy to be broken, the coarse particles wrapped by many fine particles are protected. Distribution
parameter a in the G-S distribution decreases with the input energy. The a depends on the particle size,
input energy and material property. The a of the bituminous coal and anthracite samples were collected
and related to the input energy respectively as shown in Fig. 7. The relation between the a and the input
energy is a logarithmic function, which can be described by Eq. (7). The parameters of P and Q of the
bituminous coal and anthracite are listed in Table 2.

Previous work has found that the crack density of large particles is much greater than for smaller
particles (Krajcinovic, 1996; Tavares and King, 1998). Because of this, bigger particles tend to be weaker

14
[ ]
12t D
Bituminous coal ——, 2k \.\.\.

10k Size fraction Anthracite
—_ —8—13-6 mm 10k Size fraction
é —e— 6-3 mm ‘e —=— 13-6 mm
E8F  —a—3imm £ —e—6-3mm
> —v—1-0.5 mm ~ 8 ——3-1mm
2 6} ° E —v— 1-0.5 mm
'g (] 5 6F °
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Fig. 6. Size modulus dy at different levels of applied pressure in particle bed comminution of bituminous coal and
anthracite
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Table 2. Parameters of P and Q
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Distribution parameter a at different levels of applied pressure in particle bed comminution of bituminous
coal and anthracite

Size

Type fraction(mm) P Q ke
Bituminous coal 13-6 1.37 -0.43 0.986
6-3 2.19 -0.77 0.983
3-1 1.77 -0.53 0.997
1-0.5 2.85 -0.94 0.995
Anthracite 13-6 1.42 -0.42 0.973
6-3 2.22 -0.73 0.961
3-1 1.86 -0.53 0.974
1-0.5 3.40 -1.08 0.948

and easier to be broken than smaller particles. Therefore, a model for particle bed comminution
incorporating particle size effect was verified, as follows:

a = (P + QlogE,)x~¢

(14)

where c is the model parameter, X is the geometry average of size fraction.

The parameters of the model are obtained by the method of surface fitting, as shown in Fig. 8. The
parameters of P, Q and c of bituminous coal and anthracite are listed in Table 3.

7
-
15 -

parameter
—) —
EE

Pistribution
]
= =

Fig. 8. The surface fitting of bituminous coal (a) and anthracite (b)
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Table 3. Parameters of P, Q and ¢

Type P Q c R2
Bituminous coal 2.51 -0.82 0.24 0.935
Anthracite 2.85 -0.88 0.29 0.911

Combining Eq. (14) and Eq. (1), as follow

y= 100 X (Z_(l;)(P+QlogEm)J?_

‘ (15)

According to Eq. (15), the distribution of particle products under different input energy can be
predicted for a given material size fraction. The size fraction 13~6 mm of the anthracite is taken as an
example. As shown in Fig. 9, comparison between measured (symbols) and fitted (lines) size
distributions from Eq. (15), the average coefficient of determination, R?is 0.93.

100 ) <&
Anthracite !
13~6 mm
f\; 80 F A 4202]
?Ef) O 74.501] .
g v 947817 A
%60 L o 120811J \
<O 1333210 :
2 g
=l 3.
g A
O % \
20 F
g §°
0 1 g g 1 1

0.1 1 10
Particle size(mm)

Fig. 9. Comparison between measured (symbols) and fitted (lines) size distributions from Eq. (15)

4.3. Family of t,-curves of the bituminous coal and anthracite

The t0 index can be converted into a full PSD curve using a graph known as the family of t,-curves
which was first published by Narayanan (1985). Several researchers have confirmed that the
mathematical relationships defined by the f,-curves (Shi et al., 2007; Nadolski et al., 2014). The family
of curves is universal for rock materials at different energy levels as shown in Eq. (16) to Eq. (20) (Gong
et al., 2018). In this paper, this method is used to describe the coal particle bed comminution under
different energy levels.

_a Xt10
27 byttyg (16)
_ agXtyo
47 byttyg (17)
tys = Qp5 X Tyg (18)
ts0 = Q59 X Lyg 19)
ty5 = Ay5 X tyg (20)

The values of f, ts, tig, t2s, tso and #75 can be determined by sieving. The f, is called the #, index that
the cumulative weight percentage passing through the 1/nth screen. The value of a, a4, 425, aso, azs, b, and
by are model parameters. Data analysis results are arranged as shown in Fig. 10.

Fig. 10 and Table 4 show that a high degree of fit was achieved using Eq. (16) to Eq. (20). The average
value of R? is higher than 0.96. Comparing model parameters of the bituminous coal with the anthracite,
it is found the bituminous coal is more comfortable to be broken than the anthracite. The reason is that
the compressive and tensile strength of the bituminous coal is less than the anthracite.

The parameters of ay, as, a5, aso, a7s, b> and by of bituminous coal and anthracite are listed in Table 4.



780 Physicochem. Probl. Miner. Process., 56(5), 2020, 772-783

Bituminous coal Anthracite
Loy ho . L T/ 1)

60F ¥ fs ¢ 15 4 135 -
Vohs vt s

Il
35 0 5 10 15 20 25 30 35
110(%) 119(%)

Fig. 10. Breakage parameters: t, versus t1o for bituminous coal and anthracite

Table 4. Parameters of a,, a4, azs, aso, azs, ba and by

Type Parameter t2(%) ta(%) tas(%) ts0(%) t75(%)
Bituminous coal n 82.92 100.57 0.69 0.51 0.43
bn 10.37 36.18
R2 0.929 0.989 0.992 0.978 0.967
Anthracite (n 72.08 83.45 0.64 0.44 0.36
bn 7.41 27.48
R2 0.921 0.988 0.992 0.976 0.965

30 k Bituminous coal 0k Anthracit'e
Size fraction Size fraction
= 13-6 mm = 13-6 mm

25F e 63mm 25F e 6-3mm
A 3. ]1mm A 3-1mm

20F v 1-0.5mm 20F v 1-0.5mm

11/%

20 40 60 8 100 120 140 160 0 y » y . . y !

20 40 60 80 100 120 140 160
Input energy E,_(J) Input energy E ()

Fig. 11. The fitting results using the prior art JK model

4.4. The JK size-dependent breakage model of bituminous coal and anthracite

The t,-curves are very useful, it can be used to transform or convert the t1o value into a full cumulative
particle size distribution once the to is determined for the material. Firstly, the prior art JK model is
used to fit the relationship between t0 and input energy, as shown in Fig. 11. With the increase of input
energy, the t0 index of two kinds of coal with different size fraction increase. When the input energy is
equal, the t;o index of coarse particles is bigger than small particles. The explanation for this behaviour
is the result of the size effect of the particle. The product of A and b (A% b) has been used as an indicator
of ore hardness. As shown in Table 5, with the increase of size fraction, a product of A and b is much
bigger.

The JK size-dependent breakage model takes a form similar to the JK prior art breakage model, but
with particle size and breakage properties incorporated explicitly in the model. The Eq. (13) is used to
fit the experimental data, shown in Fig. 12 and Table 6. For bituminous coal and anthracite, the model
is fitted to the overall data using one set of model parameters.
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Table 5. The prior art JK model parameters

Size
T A (% 1 A 10-2J1 R2
ype fraction(mm) (%) b0 X b(x102]7)
Bituminous coal 13-6 40.38 0.010 0.404 0.988
6-3 80.08 0.002 0.160 0.987
3-1 26.81 0.004 0.107 0.977
1-0.5 17.34 0.002 0.035 0.959
Anthracite 13-6 27.88 0.012 0.335 0.985
6-3 24.09 0.008 0.193 0.993
3-1 18.84 0.005 0.094 0.959
1-0.5 18.17 0.001 0.018 0.940
30 F L d
25F
20 F
S
S 15k
Bituminous coal Anthracite
10 ¢ 883 mm ¢ 8.83 mm
® 424 mm O 4.24 mm
5 A 1.73 mm A 1.73 mm
v 0.71 mm v 0.71 mm
0 1 1 1
0.0 0.5 1.0, , 1.5 2.0 2.5
jmat.x ‘Em

Fig. 12. The breakage model Eq. (13) fitted to measured points from the bituminous coal and anthracite particle
bed comminution

Table 6. Fitted material constants for the Eq. (13)

Type M (%) fimat (kg 1 ") n LS
Bituminous coal 38.58 0.00157 0.91 0.988
Anthracite 24.93 0.00175 1.00 0.986

Two mathematical models proposed above can predict the PSD of different types of coal particles
under different applied pressures. Although the accuracy of the extended G-S distribution model is
slightly lower than that of the JK size-dependent breakage model, the PSD can be predicted by
determining the three parameters (P, Q, and c) in the model. However, the JK size-dependent breakage
model firstly determines the three parameters (M, fma, and #) in the model; secondly, the t,-tio curve
cluster of the coal is established; finally, the PSD is obtained by spline interpolation. The JK size-
dependent breakage model is more time-consuming and labour-intensive than the extended G-S
distribution model to predict the PSD of different types of coal particles under different applied
pressures. Since the coefficient of determination was reduced to a permissible degree, the extended G-
S distribution model is deemed acceptable.

5. Conclusions

There is almost a linear increase in the specific energy absorbed with the increasing applied pressure
within its experimentally studied range. There is no noticeable difference among coal particle beds of
the bituminous coal with four size fractions. However, for particle beds of the anthracite with four size
fractions, a smaller size fraction absorbs more energy at the same applied stress, a probable explanation
for this behaviour is the result of the microstructure of the material.



782 Physicochem. Probl. Miner. Process., 56(5), 2020, 772-783

The particle size modulus dp in the G-S distribution does not vary with the increasing applied
pressure. The relation between the a and the input energy is a logarithmic function. The extended G-S
distribution model can be used to predict PSD under coal particle bed comminution.

The prior art JK model and the JK size-dependent breakage model can also be used to access the coal
particle bed comminution property and predict PSD under coal particle bed comminution.
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