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Abstract: To reveal the key optimization considerations for the application of elliptic cross-section 
matrices in axial high gradient magnetic separation (HGMS), the performance of circular and elliptic 
matrices was investigated experimentally and theoretically, providing that the short axis of elliptic 
matrix was equal to the diameter of circular matrix.  Three schemes were adopted to investigate the 
performance matrices with ratio of long axis to short axis λ of 1 (circular matrix), 1.6 and 2. Under the 
same matrix unit number, hematite recovery of elliptic matrices could be 5~20% higher than that of 
circular matrices. For the case that the separation space was fully filled under the same matrix unit 
spacing, elliptic matrices showed higher and lower hematite recovery in low and relatively high 
magnetic field. The particle capture cross section area of elliptic matrix could be 1.4~1.8 times larger 
than that of circular matrix. Analyses with particle capture models showed that higher hematite 
recovery was ascribed to the larger particle capture cross section of the elliptic matrices and overlapping 
of the capture cross section was responsible for the lower hematite recovery of elliptic matrices in 
relatively high magnetic field.  For substitution of circular matrices with elliptic matrices in axial HGMS, 
overlapping of capture cross section of target particles should be taken into consideration.    

Keywords: elliptic matrices, expanded capture models, capture cross section, overlapping 

1. Introduction 

High gradient magnetic separation (HGMS) is effective in recovering fine weakly magnetic materials 
from slurry or suspension and has been witnessed widespread applications in many scientific and 
industrial fields such as mineral processing (Singh et al., 2013; Li et al., 2018; Tripathy and Suresh, 2017a; 
Singh et al., 2015; Chen, 2011), water purification (Mariani et al., 2010; Toh et al., 2012), biology entity 
separation (Chen et al., 2008) and protein separation (Lindner et al., 2013; Pasteur et al., 2014). Magnetic 
matrices dehomogenize the magnetic field, inducing large magnetic field gradient and providing 
capture sites for paramagnetic particles. As the widespread applications of HGMS in a variety of fields, 
theory construction on HGMS also attracted much attention from scientific researchers. Watson 
calculated the magnetic field around the circular cylinders and derived the particle motion equations in 
longitudinal and transversal configurations (Watson, 1973; Watson, 1975). Briss and Uchiyama derived 
the particle motion equations in axial configuration of HGMS (Briss et al., 1976; Uchiyama et al., 1976). 
Some other researchers also studied the particle capture in HGMS for some specific conditions (Abbasov 
et al., 1999; Lacoba and Rezlescu, 1998; Kanok and Mayuree, 2013; abbasov et al., 2016). With the particle 
capture models, we investigated the particle capture of fine weakly magnetic minerals in HGMS, for 
both the mineral monomers and intergrowths (Zheng et al., 2015a; Zheng et al., 2015b; Zheng et al., 
2017a). However, nearly all these models were established only for matrices saturated by the applied 
magnetic field. 
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There are many factors influencing the separation performance in HGMS (Zheng et al., 2015a; 
Tripathy et al., 2017b). The matrix is the key component of the HGMS system and has significant 
influence on separation performance of HGMS. The most commonly used matrices in HGMS is 
cylinders of high magnetic susceptibility. The matrix cross-section significantly affects the matrix’s 
magnetic characteristics and consequently the matrix’s performance in HGMS (Li Et al., 2007; Nakai et 
al., 2010; Kim et al., 2013). We had previously investigated the performance of elliptic cross-section 
matrices in HGMS and established the particle capture models of elliptic cross-section matrices (Zheng 
et al., 2016a; Zheng et al., 2016b; Zheng et al., 2016c; Zheng et al., 2017b). Additionally, based on 
experimental results, we expanded the particle capture models of circular and elliptic matrices (circular 
and elliptic cross-section matrices for short) in HGMS for the case that the matrices were unsaturated 
by the applied magnetic field (Zheng et al., 2017c; Zheng et al., 2017d). The demarcation of the applied 
magnetic induction for determining the magnetization state (saturated or unsaturated) of the matrices 
were also investigated (Wang et al., 2018a; Wang et al., 2018b). The theoretical and experimental results 
revealed that the elliptic matrices presented better performance than circular matrices, especially when 
the matrices were unsaturated. For the axial HGMS, we had studied the performance of circular and 
elliptic matrices under the same matrix cross-section area (Zheng et al., 2017c). Higher hematite recovery 
could be obtained employing elliptic matrices due to the larger particle capture cross section. However, 
it should be noted that, for the application of elliptic matrices in HGMS, the case that the elliptic and 
circular matrices have equal cross-section area is just one scheme, particle capture performance can be 
further enhanced with elliptic matrices with other shape relationship respect to circular matrices, i.e., 
more ultro-fine magnetic particles can be recovered under the optimal matrix design. Considering the 
good magnetic characteristics of elliptic matrices, it is necessary to investigate the performance of elliptic 
matrices with other shape relationship with respect to circular matrices (ellptic matrices with short axis 
equal to the diameter of circular matrices or elliptic matrices with long axis equal to the diameter of the 
circular matrices). More importantly, the role of some influencing factors can not be revealed under the 
same matrix cross-section area and packing fraction (Zheng et al., 2017c).  

In this paper, the performance of circular and elliptic matrices in the axial HGMS was investigated 
experimentally and theoretically, providing that the short axis of the elliptic matrices was equal to the 
diameter of circular matrices. The aim of this study is to investigate that in which circumstances the 
particle capture efficiency of elliptic matrices can be higher than that of the circular matrices and at the 
same time, to reveal the key factors influencing the difference of particle capture between the two kinds 
of matrices. It is also expected that the present paper can provide guidance for the design and 
optimization of elliptic matrices in axial HGMS.  

2. The expanded particle capture models of circular and elliptic matrices in axial HGMS  

2.1. Expanded particle capture model of circular matrix 

In axial HGMS, the matrix is placed along the direction of the flow and the magnetic field is 
perpendicular to the matrix axis. As had been mentioned, we established the particle capture model of 
elliptic matrices in the axial HGMS (Zheng et al., 2016a) and we expanded the particle capture models 
of circular and elliptic matrices for the case that the matrices were unsaturated by the applied magnetic 
field (Zheng et al., 2017c). Fig. 1 shows the cross-section of the circular and elliptic matrices. The 
expanded particle capture model of circular matrix in axial HGMS in the polar coordinate system is as 
follow: 

                                                       (1) 

                                                             (2) 

                                                                                           (3) 

where H0 is the applied magnetic field, µ0 is vacuum permeability, κ is the susceptibility of the particle, 
η is the fluid viscosity, r and θ are the polar coordinates, R is the radius of the particle, V0 is the velocity 
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of the slurry. A1 is a coefficient determined by the magnetization state of the matrix. For unsaturated 
matrices, A1 is determined by the following equation: 

                                                                            (4) 

where d is the radius of the circular matrix. When the matrix is saturated, A1 is determined by Eq. (5).  

                                                                    (5) 

where Ms is the saturation magnetization of the matrix. 

 
Fig. 1. The cross-section of the circular and elliptic matrices 

2.2. Expanded particle capture model of elliptic matrix 

The cross-section of the elliptic matrix is shown in Fig. 1. The components of the magnetic field around 
the elliptic matrix in the elliptic coordinate system are as follows (Zheng et al., 2017c): 

                                                  (6) 

                                                (7) 

where A2 is a coefficient determined by the magnetization state of the elliptic matrix, e is the napierian 
base, u and v are the coordinates in the elliptic coordinate system, . For 
unsaturated and saturated matrices, A2 is determined by Eqs. (8) and (9), respectively.  

                                                                     (8) 

                                                    (9) 

where v0 is the coordinate value of the matrix boundary. 

  
Fig. 2. Particle motion trajectories around the elliptic matrix: half the long and short axes of the matrix were 2.4 

mm and 1.5 mm, R=25 µm, B0=0.4 T 

With the components of the magnetic field, the particle capture equations of the elliptic matrix in 
axial HGMS can be derived, as shown of Eqs. (10) to (12). 
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                          (10) 

                           (11) 

                                                                              (12) 
where Vm=2µ0κH02R2/(9ηc), A2 is determined by Eqs. (8) and (9) for unsaturated and saturated matrices, 
respectively. Fig. 2 shows the typical trajectories of magnetic particles around the elliptic matrices 
calculated basing on the particle motion equations. 

3. Experimental 

3.1. The matrix units and the tailored boxes 

In this study, three kinds of matrices were manufactured by the numerical control machines: circular 
matrices of radius 3mm; elliptic matrices with long and short axes of 4.8 mm and 3 mm; elliptic matrices 
with long and short axes of 6 mm and 3 mm. Assuming λ was the ratio of the long axis to the short axis 
of the matrices, the λ for the three kinds of matrices above were 1 (circular matrix), 1.6 and 2, 
respectively. The length of the matrices was 120 mm. The matrices were made of SUS430 and the 
saturation magnetization was about 1.55 T.  

 

 
Fig. 3. A matrix unit 

 

 
Fig. 4. Schematic diagram of the experimental apparatus: 1- container, 2- stirrer, 3- valve, 4- swinging feeder, 5-

grooved channels, 6-magnetic pole, 7- tailored box 

For the immobilization of the matrices, the matrices were firstly made into a matrix unit, as shown 
in Fig. 3. The matrices were welded on the nonmagnetic metal frame regularly. The total length and 
width of the matrix units were 126 mm and 90 mm, respectively. In a matrix unit, the matrices were 
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arranged along the direction of the short axis and the spacing between two adjacent matrices was 2mm. 
The short axis of the matrices was the same, so there were totally 17 matrices in a unit for all the three 
kinds of matrices. 

Magnetic separation tests were conducted in a cyclic magnetic separator. The schematic diagram of 
the cyclic separator was shown in Fig. 4. The tailored box was used for the installation of the matrix 
units. The material of the box was nonmagnetic. The internal volume of the box was 90×72×140 mm3. 
The inner wall of the box was grooved so that the matrix units could be inserted into the box through 
the grooved channels and fixed on it. This was different from the matrix installation in the transversal 
configuration wherein the matrix units were piled up layer by layer (Zheng et al., 2017d). 

3.2. The sample 

Pure hematite of two size fractions was used as the experimental sample: -25 µm, 25~38 µm. The Fe 
grade of the sample is about 68% and the purity is approximatly 97%. The sample is purified from a 
hematite concentrate using shaking table. The magnetic susceptibility of the paramagnetic hematite is a 
constant and is about 0.0025. 

3.3. Experimental methods 

Fig. 5 showed the arrangement of the matrix units in the box. For the two kinds of elliptic matrices, two 
boxes with different channel distance were made. When installed in the boxes, the spacing between the 
matrix units m1 was 3mm. Then the distance of the units n1 for elliptic matrices of λ=1.6 and λ=2 were 
consequently 7.8 mm and 9 mm, respectively. So the channel distance in the box for the elliptic matrices 
of λ=1.6 and λ=2 were 7.8 mm and 9 mm, respectively. In this way, there were totally 9 units being 
installed in the box for the matrices of λ=1.6 and 8 units for those of λ=2.  

 
Fig. 5. Top view of the arrangement of the matrix units in the tailored box: (a) elliptic matrices of short axis 

equal to the diameter of the circular matrices; (b) the circular matrices; (c) elliptic matrices of long axis equal to the 
diameter of the circular matrices (to be considered) 

For the comparison of the performance between circular and elliptic matrices, three schemes were 
considered: under the same unit number and unit distance (n1=n2); under the same unit number and 
unit spacing (m1=m2); under the condition that the unit spacing was equal (m1=m2) and the circular 
matrix units were inserted in the box as more as possible, without ensuring the same unit number. The 
first scheme could be realized by just replacing the elliptic matrices with circular matrix in the respective 
boxes. For the latter two schemes, another box for circular matrices was made. The size of the box was 
the same as that of the former two. The distance between the channels was 6mm and a total of 12 
channels could be grooved in the box. Thus a total of 12 circular matrix units were inserted in the box 
for the third scheme. 

As shown in Fig. 5, the experimental process was the same as that in the transversal configuration 
(Zheng et al., 2017d). Briefly, the matrix units were firstly inserted into the tailored box through the 
grooved channels and the box was placed between the magnetic poles. 50g hematite particles and 450 
ml were fully mixed in the container. After adjusting the applied magnetic field to a desired value, the 
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mixture was fed into the separation zone uniformly through the swinging feeder within about 20 s. The 
fluid velocity was about 0.1 m/s. After the feed process, the magnetic field was removed and the 
hematite particles captured by the matrices were flushed out and were dried and weighed. So the pulp 
density and the slurry velocity keep constant for all cycles. The recovery E was calculated with Eq. (13). 

E=m0/50×100%                                                                      (13) 
where m0 was the mass of the hematite particles captured by the matrices. All experiments were 
conducted twice and the average values were adopted. The applied magnetic induction in the 
experimental process ranges from 0.1T~0.45T. 

4. Results and discussion  

4.1. Comparison of the recovery under the same unit number  

Fig. 6 showed the capture efficiency of the circular matrices (λ=1) and the elliptic matrices (λ=1.6 and 2) 
under the same unit number. On the whole, the recovery increased with the increase of the particle size 
and the magnetic induction. According to the matrix unit arrangements in Fig. 5, the black and red lines 
were the recovery of the circular matrices under the same unit distance n1 and spacing m1 as that of the 
elliptic matrices, respectively. It could be seen that under the same unit distance (n1=n2), the hematite 
recovery of the elliptic matrices was 5~20% higher than that of the circular matrices within the whole 
range of magnetic induction. Arranging circular matrices with the same unit spacing as that of elliptic 
matrices (m1=m2), very limited increment of the recovery could be observed, the hematite recovery of 
the elliptic matrices was still much higher than that of the circular matrices in the whole range of applied 
magnetic induction.  

 
Fig. 6. Comparison of the hematite (-25 µm) recovery of the matrices under the same unit number: (a) λ=1, 1.6 

and unit number is 9; (b) λ=1, 2 and unit number is 8 

4.2. Comparison of the recovery when fully filled under the same unit spacing  

With the same unit spacing of 3mm, the number of the matrices of λ=1, 1.6 and 2 inserted into the boxes 
were 12, 9 and 8, respectively. As shown in Fig. 7, the same recovery regularity was observed for 
hematite particles of the two size fraction: the recovery increased with the increase of λ in low magnetic 
induction while decreased with the increase of λ in relatively high magnetic induction. The recovery 
difference between the circular and elliptic matrices was field dependent. This was different form the 
cases considered above.  

The experimental results above showed different separation behaviors between the circular and 
elliptic matrices in the axial HGMS, which was determined by the particle capture behaviors of the 
matrices. Based on the expanded particle capture models above, the particle capture cross section of the 
matrices under a variety of circumstances were calculated and investigated, aiming at providing a 
theoretical support for the experimental experiments and revealing the key factors influencing the 
difference of the particle capture between the two kinds of matrices. 
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Fig. 7. Comparison of the recovery of the three kinds of matrices: (a) -25 µm; (b) 25~38 µm, the unit number of 

the matrices of λ=1, 1.6 and 2 were 12, 9 and 8, respectively 

 

 

 

Fig. 8. Capture cross section of the hematite particles by the elliptic matrix of λ=1, 1.6 and 2 under the applied 
magnetic induction of 0.4T 

4.3. Analyses of experimental results with the particle capture cross section  

4.3.1.   Analyses under the same unit number 

For the calculation of the particle capture cross section, the following parameters were specified: The 
fluid velocity V0=0.1 m/s and the fluid viscosity η=1 mPa· s. The susceptibility of the hematite κ was 
0.0025. The matrix material was SUS430 and it was unsaturated until the applied magnetic field was 
above 0.7 T. Considering the experimental conditions, the particle capture cross section of the matrices 
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were investigated under the magnetic induction of 0.1 T, 0.2 T, 0.4 T and 0.8 T. Specially, the matrices 
were saturated in the magnetic induction of 0.8 T. Hematite particles of radius 5 µm, 10 µm, 15 µm and 
25 µm were concerned.  

Fig. 8 showed the particle capture cross section of the matrices of λ=1, 1.6 and 2 under the magnetic 
induction of 0.4 T. For all the matrices considered, the particle capture cross section became larger with 
the increase of the particle size and magnetic induction. This was ascribed to that the magnetic force 
acting on particles increased with the increase of the particle size and the magnetic induction. It could 
also be seen that the capture cross section of the elliptic matrix was larger than that of the circular matrix 
and that of matrix of λ=2 was the largest. More particles could be captured by the elliptic matrices. Thus 
under the condition of the same matrix unit number, as shown in Fig. 6, the hematite recovery of the 
elliptic matrices was much higher than that of the circular matrices.  

4.3.2.   Analyses when fully filled under the same unit spacing 

When the tailored boxes were fully filled under the same unit spacing, as shown in Fig. 8, the hematite 
recovery of elliptic matrices was higher than that of circular matrices at low magnetic induction (0.10 
T~0.21 T) but lower at relatively high magnetic induction (0.21 T~0.42 T). This could not be explained 
by that the elliptic matrix had larger capture cross section than the circular matrix as this was valid at 
both the magnetic field of 0.10 T and 0.42 T. For the explanation of this issue, it was necessary to quantify 
the particle capture cross section area. The capture cross section area was the area enclosed by the 
capture cross section boundary subtracted by the matrix area, as shown by the green region in Fig. 8(c). 
The capture cross section area could be calculated through the integration of the capture cross section 
boundary.  

Fig. 9 showed the capture cross section area of the matrices as a function of magnetic induction. For 
all the particles considered, the capture cross section area of the matrix of λ=1, 1.6 and 2 increased 
successively. With increasing the magnetic field, the capture cross section area of all the matrices 
increased. However, the growth rate of the circular matrix (λ=1) kept constant in the whole range of 
0.1~0.8 T while the growth rate of the elliptic matrices decreased when magnetic induction exceeded 
0.4 T. 

 
Fig. 9. Particle capture cross section area as a function of the applied magnetic field: (a) R=5 µm and 10 µm; (b) 

R=15 µm and 25 µm 

Fig. 10 presented the capture cross section ratio of the elliptic matrix to circular matrix. The capture 
cross section area of the elliptic matrix was 1.4~1.8 times larger than that of the circular matrix within 
the induction of 0.1 T~0.4 T. When the induction exceeded 0.4 T, the ratio decreased rapidly. Under the 
induction of 0.1 T~0.2 T, for all the particles considered, the capture cross section area of the elliptic 
matrix of λ=1.6 and 2 was about 1.4~1.5 and 1.7~1.8 times larger than that of the circular matrix 
respectively. That’s why the hematite recovery of the elliptic matrices was higher than that of the 
circular matrices within the induction range of 0.10 T~0.21 T. Although the unit number of elliptic 
matrices was less than that of circular matrices, the total capture cross section area was still larger than 
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that of the circular matrices. The relation of the total capture cross section area: 1.8×8 (λ=2) > 1.5×9 
(λ=1.6) > 1×12 (λ=1). 

 
Fig. 10. Capture cross section ratio of elliptic matrix to circular matrix as a function of the applied magnetic 

field: (a) ratio of λ = 1.6 to λ = 1; (2) ratio of λ = 2 to λ = 1 

 

 
Fig. 11. Particle capture cross section of the circular and elliptic matrices at 0.1 T 

However, the capture cross section area of elliptic matrix at 0.4 T was also 1.4~1.8 times larger than 
that of circular matrix, but the hematite recovery of the elliptic matrices was lower than that of the 
circular matrices, as shown in Fig. 7. This could be ascribed to the overlapping of the capture cross 
section, as shown in Figs. 11 and 12. Figs. 11 and 12 showed the capture cross section of the matrices 
under the magnetic induction of 0.1 T and 0.4 T, respectively. For both the circular and elliptic matrices 
in Fig. 11, very small part of the capture cross section overlapped. Thus the calculation of the cross 
section area was valid. But for the matrices in Fig. 12, most part of the capture cross section overlapped. 
The overlapping resulted in the invalidity of the calculated capture cross section area at 0.4T in Fig. 10. 
Although the overlapping occurred on circular and elliptic matrices, the overlapping reduced the 
difference of the capture cross section area between the two kinds of matrices, and consequently 
reduced the ratio. These reasons were responsible for the different capture behaviors of matrices at low 
and relatively high magnetic induction in Fig. 8. The overlapping of the capture cross section of matrices 
of λ=2 was more significant than that of λ=1.6, resulting in the lowest recovery in relatively high 
magnetic induction. 
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Fig. 12. Overlapping of the particle capture cross section of the circular and elliptic matrices at 0.4T 

4.3.3.   Considerations for the application of elliptic matrices 

When the separation space was fully filled with the same unit spacing, although the total number of 
elliptic matrices was much less than that of circular matrices, the hematite recovery of elliptic matrices 
could still be higher than that of circular matrices in relatively low magnetic induction due to the larger 
total particle capture cross section area. In fact, with the particle capture cross section ratio of elliptic 
matrix to circular matrix, the critical unit spacing under which the elliptic matrices had larger total 
capture cross section area without considering overlapping could be calculated with the following 
equation: 

                                                               (14) 

where L was the whole length for matrix inserting, ε was the particle capture cross section ratio of the 
two kinds of matrices, m was the unit spacing, d was the radius of the circular matrix. According to Fig. 
10, for elliptic matrix of λ=1.6 and 2, the corresponding ε was about 1.45 and 1.70, then the critical unit 
spacing m could be calculated. For elliptic matrix of λ=1.6 and 2, the unit spacing should satisfy m > 
0.67d and m > 0.86d, respectively. So the elliptic matrices had advantage over the circular matrix under 
large unit spacing and relatively low magnetic induction.  

This study presented that the elliptic matrix had good magnetic characteristics. The overlapping of 
the particle capture cross section would decrease the difference of the two kinds of matrices and 
consequently decrease the superiority of elliptic matrix over circular matrix. For the substitution of 
circular matrices with elliptic matrices in axial HGMS, overlapping of the capture cross section of the 
target magnetic particles should be taken into consideration. The experimental and theoretical results 
also shed light on how to optimize the HGMS system with the elliptic matrices for improving the 
particle capture efficiency. As shown by Fig. 5(c), for the elliptic matrix with long axis equal to the 
diameter of circular matrix, a total of 24 matrices could be welded on the metal frame with the same 
adjacent spacing of 2mm. Under this circumstance, the overlapping of the particle capture cross section 
would be decreased. As the good magnetic characteristics of elliptic matrices, much better performance 
of elliptic matrices under this circumstance can be expected. This will be conducted experimentally and 
theoretically in our follow-up work, as well as the influence of some other process parameters such as 
the particle size, pulp density and slurry velocity. 

5. Conclusions  

In the present paper, three schemes were adopted to investigate the particle capture performance of 
matrices of λ = 1, 1.6 and 2. Under the same matrix unit number, the elliptic matrices presented the 
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capture efficiency of 5~20% higher than that of the circular matrices and this was ascribed to the larger 
particle capture cross section area of elliptic matrices. 

For the case that that the separation space was fully filled under the same unit spacing, the capture 
efficiency of the elliptic matrices was higher than that of circular matrices in low magnetic field but 
lower in relatively high magnetic field. The higher capture efficiency in low magnetic field was ascribed 
to that the particle capture cross section area of the elliptic matrix was 1.4~1.8 times larger than that of 
the circular matrix and consequently the total capture cross section was larger, despite that the matrix 
unit number was less. Overlapping of the capture cross section in high magnetic field decreased the 
difference of the capture cross section area between circular and elliptic matrices, resulting in the lower 
capture efficiency of the elliptic matrices. The capture cross section area ratio of the elliptic matrix to 
circular matrix decreased rapidly at high magnetic field. For the substitution of circular matrices with 
elliptic matrices in axial HGMS, overlapping of the capture cross section of the target particles should 
be taken into consideration.  
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